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ABSTRACT OF THE DISSERTATION

Time Allocation Strategies for Entrepreneurial
Operations Management |

by

Onesun Steve Yoo
Doctor of Philosophy in Management
University of California, Los Angeles, 2010
Professor Charles J. Corbett, Chair

This dissertation investigates three key operational issues that entrepreneurial firms
encounter during their growth phases: (1) project selection via learning, 2) process
improvement, and (3) hiring. In particular, we focus on entrepreneurial firms in an
organizational life cycle in which the innovative product or service of the firm have
found a market niche (and therefore has passed the survival phase), and the primary
goal is to maximize growth. In this high-growth phase, the increasing number of tasks
requiring the entrepreneur’s attention places an overwhelming demand on the time
of the entrepreneurs, who is in charge of all the decision making. Motivated by the
theory of constraints, we provide insights to the above three key problems in operations

management by examining the entrepreneur’s time allocation decisions.

The first essay examines the project selection problem under uncertainty aﬁd learn-
ing leadtime, modeled by the discrete time bandit problems with stochastic response
delays. It provides theoretical contribution to the extant restless bandit literature by
proving that such class of bandit problems satisfies the indexability criterion as long as

the delayed responses do not cross over. Thus, the problem is made practically solv-

Xiv



able (near optimally) by employing the resulting marginal productivity index (MPI)-
based heuristic. The result holds for infinite or finite horizon and holds for arbitrary
delay lengths and infinite state spaces. We compute the resulting MPI’s for the Beta-
Bernoulli Bayesian delayed learning model, formulate and compute a tractable upper

bound, and numerically validate the MPI-policy’s near optimal performance.’

The second essay investigates how entrepreneurial firms should invest time in pro-
cess improvement decisions during growth. For many entrepreneurial firms during the
growth phase, their main bottleneck resource is the entrepreneur’s time, rather than
cash. We classify an entrepreneur’s daily activities into four categories: fire-fighting
(spending time to attend to random urgent disruptions), process improvement (invest-
ing time to reduce future fire-fighting frequency), revenue enhancement (investing time
to enhance the revenue stream), and revenue generation (spending time to harvest rev-
enue at the prevailing rate), and analyze a stylized dynamic time allocation problem for
maximizing long-term expected profits. We find that entrepreneurs should first invest
time in process improvement until the process reliability reaches a certain threshold,
then in revenue enhancement until the revenue rate reaches a certain threshold, and
only then spend time generating revenue. Moreover, the greater the relative growth
opportunities the entrepreneur foresee, more time should be spent upfront on process
improvement to create a greater upfront safety-stock of time which can be used during
growth. Furthermore, we find that entrepreneurs with higher prevailing revenue rate
encounter the tradeoff between investing time in process improvement and investing
time in revenue-related activities earlier than their counterparts with lower prevailing
revenue rates, which leads them to settle at a lower process reliability and revenue
rate than their counterparts. Thus, while they invest time optimally, the leader will

ultimately lose their role as the leader, suggesting that it is not necessarily the compla-

XV



cency of the leader that causes the leader and follower reversal.

The third essay presents a formalized model of the entrepreneurial production and
provides insights into the entrepreneurial firms’ hiring decision by examiriing how
the inputs of time and money interact. Entrepreneurs’ time and money are two key
complementary inputs for any entrepreneurial firm’s production, and the lack of either
resource constrains the firm’s growth. We demonstrate that the shadow value of time
always becomes greater than the shadow value of money, making time the key bottle-
neck resource. Viewing hiring as an opportunity for trading off money against time,
we characterize the optimal timing of the hiring decisions faced by entrepreneurial
firms. We establish that there is a unique cash level threshold above which it is optimal
to hire. We find that this hiring threshold is non-monotonic in the hiring setup time,
due to the tradeoff between the need to preserve the growth momenium and the need
to hire before the shadow value of time becomes too large. On the other hand, en-
trepreneurs should delay hiring if the setup cost increases, suggesting the importance
of differentiating setup cost and setup time in the hiring decisions. Finally, we find that
the optimal timing of hiring maximizes (rather than minimizes) the post-hire shadow

value gap between time and money.
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CHAPTER1

Indexability of Bandit Problems with Response Delays

1 Introduction

1.1 Motivation

Dynamic allocation of activity under uncertainty is a fundamental decision problem
faced by decision makers everyday. In each time period, unable to engage in (pull)
all of the existing projects (arms), the decision maker must carefully choose a subset
of the projects to engage in. Once the projects are chosen, corresponding events are
set in motion, outcomes are observed, based on which the states of each projects are
updated. The objective of the decision maker is to utilize the given information about
the projects and choose the subset of projects each period that would maximize the

long term horizon discounted rewards.

This widely studied dynainic decision model, a variant of a problem better known
as the multiarmed bandit problem, however, ignores an important dimension of re-
sponse delays. In practice, a project’s outcome is not observed immediately, but only
after a delay (whose length may be random), during which the decision maker contin-
ues to make decisions. Incorporating delays provide a powerful modeling framework,
as it can be generalized to aid decision making in many application areas. We illustrate

a few examples.



e Clinical Trials (Whittle 1988). In this setting, the arms correspond to medical
treatments. The state of an arm represents one’s state of knowledge on the effec-
tiveness of the corresponding treatment. Pulling an arm corresponds to treating
a patient with the corresponding medical treatment. One’s state of knowledge
on the effectiveness of the treatment will be updated only after observing the
patient’s treatment outcome.

e Dynamic Assortment (Caro and Gallien 2007). In this setting, the set of arms
represent the unproduced assortment of fashion items. The state of each project
represents one’s knowledge on how popular the item will be. The knowledge
of each item’s popularity will be refined only after observing the sales, which is
possible only after incurring production and distribution leadtime. |

e Corporate Strategy (Bernardo and Chowdhry 2002). In this setting, the arms
correspond to regions where franchises can be opened. The state of the arms
represents the revenue expectations of each region prior to opening a franchise.
Once a franchise is opened, the actual sales is observed only after a delay during
which the franchise reaches out to the customers. During the delay, the head-
quarters may decide to open more franchises in the region.

e Management of Employees. In this setting, the arms represent employees, and
the state of the arms represents the manager’s belief about the skill level of each
employee. After delegating assignments to different employees, the manager
can update his belief on each employee’s skill levels based on the outputs, which
occurs only after a delay. ‘

Despite their practical relevance, the bandit problems with response delays have
received only moderate attention in the literature (see §1.2 for a review). One reason
is because the problem becomes an intractable restless bandit problem (Whittle 1988),
as the state of an arm which is not pulled (passive) may still change when a backlogged

decision is implemented.

While they are difficult to solve optimally, many restless bandit problems can

nonetheless be solved near optimally using the marginal productivity index (MPI)-



based heuristic (Nifio-Mora 2006), provided that the problem satisfies the indexability
criterion (Whittle 1988). Hence, indexability is a desirable property as it makes the

restless bandit problem practically solvable by employing the MPI-based heuristic.

In this paper, we prove that the discrete time bandit problems with stationary ran-
dom delays satisfy the indexability criterion as long as the delayed responses do not
crossover. After an overview of the related literatures in §1.2, we introduce the mul-
tiarmed bandit problem with response delay and describe the basic properties in §2.
In §3, we present the indexability result, and in §4, we compute the indices for the
multiarmed bandit with delay for the canonical Beta-Bernoulli learning model and test
its performance and compare it to those of other closed-form index heuristics. We

conclude in §5.

1.2 Literature Review

The literature on restless bandit indexation was created when Whittle (1988) first gen-
eralized the classic bandit framework (Gittins 1979) by allowing the passivé arms to
change states, and termed it the restless bandit problem. The restless bandit problems
are computationally intractable to solve optimally, and hence the primary research
concerns the development of heuristic policies that can be shown to be near optimal.
Whittle forms a Lagrangian dual problem and defines a priority index as the Lagrange
multiplier associated with an arm which makes the decision maker indifferent between
pulling and not pulling the arm. He shows that this priority index generalizes the Git-
tins index and devises a priority-index policy which pulls the arms with the highest
index values. He further conjectures the asymptotic optimality of the priority-index
policy, which Weber and Weiss (1990) later largely validate and Weiss (1992) shows

a special case for which the conjecture holds.. However, Whittle states that for the



index to be well-defined, the restless bandit problem must first satisfy the indexability
criterion. That is, the Lagrange multiplier that equates the pulling and non-pulling
actions must be unique for every possible state of a given arm. He shows that indexi-
bility cannot be taken for granted by providing counterexamples. Moreover, verifying
indexibility itself is non-trivial and until recently sufficient conditions satisfied by a

broad subclass of restless bandits were unknown.

Nifio-Mora pioneers the field of restless bandit indexation to theoretically provide
sufficient conditions for indexability. In particular, Nifio-Mora (2006) generalizes the
Whittle’s priority index by defining the marginal productivity index (MPI) in terms of
the more general and economically intuitive reward/work measure, and shows that the
MPT’s interpretation can be applied in an identical manner to many other classic index
policies that were shown to be optimal, including the celebrated Gittins index. Using
the MPI, he identifies classes of restless bandit problems that satisfy the sufficient
conditions, mostly under the assumption of a finite state space (see Nifio-Mora 2007
and references therein). Our work contributes to the literature by expanding the known

class of indexable restless bandit problems.

The problem of bandits with response delays has received only a moderate atten-
tion in the literature. Eick (1988) examines the clinical trials setting where a patient’s
lifetime is modelled as a geometric random variable, and provides the first proof of in-
dexability for a delayed response bandit when the discount factor 8 is than 1/2. Wang
and Bickis (2003) extend this result to arbitrary lifetime distributions under certain reg-
ularity conditions, but those conditions reduce to 6 < 1/2 in the discrete time case. In
contrast, our result shows indexability for the more applicable discount factors 6 < 1.
Hardwick et al. (2006) consider the response delay bandit model where patients arrive

according to a Poisson process with the treatment time having exponential response



delays. They identify heuristics that perform well under the objective of minimizing
patient loss. However, the heuristics are randomized rules which are not grounded in
indexability theory. More recently, Nifio-Mora (2007) examines a finite queue with
a one period response delay and shows its indexability. However, the model lacks
generality in that the state space must be finite and the delay is limited to one period,
whereas our model allows for infinite state space and arbitrary delay lengths, which .
can be stationary random as long as the delayed responses do not crossover. We re-
fer the interested reader to Altman and Stidham (1995) and Ehsan and Liu (2004) for
other queueing applications with delayed information. Finally, Caro and Galien (2007)
introduces a closed-form index, generalizes it to incorporate response delay, and show
that the resulting index policy has near-optimal performance. Our work suggests that
their method performs well because their closed-form index is a good approximation

of the MPI.

2 Problem Description

2.1 Model Basics

The decision problem is defined in discrete time, where each period is indexed by ¢,
representing ¢ steps to go, and the rewards are discounted by & < 1 each period.»The
response delay Z is also a discrete quantity. In each time period, with § available arms
but only able to pull N (N < S), the decision maker must carefully assess the state of
each arm s. Once the arms are pulled, the outcomes are observed ¢-period later, at
which point the state of the arm changes. The objective of the decision maker‘is to pull

the N arms each period to maximize the long term discounted rewards.

Let x; € RN denote the state of arm s and the vector x € RS denote the state of all S



arms. Let R;(x;) denote the reward of arm s which depends on its state. For simplicity,
we assume that the reward functions R are uniformly bounded, but this assumption
can be relaxed (for instance, see Condition B in p. 17 of Gittins 1989 or the Bayesian
formulation given in Burnetas and Katehakis 2003). The decision on arm s each period
is represented by u; € {0, 1}, where a value of u; = 1 corresponds to a (Pull) decision,
while a value of u; = 0 corresponds to a (NotPull) decision. In each period, it is not
possible to pull more than N arms, i.e. ¥3u; < N. The vector u € {0, 1}.5 denote
the decision on all S arms, and each of the vectors (vl , ...,v‘) represent the decisions
that had been made in previous periods, with v! being the oldest decision that will be

implemented this period and the v/ being the most recent decision.

Each arm s follows an independent Markovian process. If v} = 1, thé'function
fs(x5,v},w;) denotes the state that the arm s transitions to from state x; given the
decision v! and the random component wy(x;), which depends on state x;; and if
vl =0, fi(xs, v}, ws) = x; signifying that the state of the arm remains unchanged. Let-
ting the vector w(x) € RS represent a vector of random variables w;(xy), the vector
f(x,v!,w) € RS represents state that all the arms transitions to from state x given the

decision vector v! and the random component w.

Let J} (x,v', ..., vé ) denote the maximum discounted reward with 7 steps to go given
the state of the arms x and the decisions of the previous periods v!,...,v¢. Then, the
multiarmed bandit problem with delay can be expressed as the following dynamic

program,

(BD):  Ji(x,vl,...,vf) = maxu{Z‘,S:le(xs)v} +8Eth*_1(f(x,v1,w),v2,...,vf,u)}
st. ue{0,1}5, ¥5_u; <N

fort > ¢, and fort </,



0.

it

J;‘(X,Vla"'ave) = Zf:lRS(xs)v;+6EWJ;<—1(f(x,V1)w)aV2a---1VZ)}5 Ja()

Because a passive arm’s state can change when the delayed (Pull) decision is im-
plemented (i.e. v} = 1), the problem is a restless bandit problem (Whittle 1988), which
is intractable. A known heuristic which can solve the restless bandit problems near op-
timally is the MPI-index policy, but this policy is well-defined only if the problem

satisfies the indexability criteria. We explain this next.

2.2 Indexability Criterion and the Equivalence Relation

Whittle (1988) forms the Lagrangian dual of the restless bandit problem, where the
dual variable A has the interpretation of subsidy for not pulling the arm, ana defines
the priority index as the value of A that makes the decision indifferent between pulling
and not pulling the arm. If the index A is to be meaningful however, it must induce a
consistent ordering of the arms, in that any arm which is not pulled under a subsidy A
will also be not pulled under a higher subsidy A’ > A. An equivalent statement in terms
of cost is that if any arm is pulled under a cost A, it must also be pulled under a lower
cost A’ < A. The formal definition of indexability for a single independent arm is the

following:

Definition (Whittle 1988). Let Ds(A) be the set of values of x, for which project s
would be rested under a A-subsidy policy. Then the project is indexable if Ds(A) in-
creases monotonically from 0 to Y as A increases from —oo to +oo, where Y is the full

state space for project s.

A restless bandit problems is indexable if each one of its arms is indexable. The



proof given in the next section shows that a single-arm bandit with response delay
satisfies Whittle’s definition. Therefore, the multiarmed bandit problem with response

delays (BD) is indexable.

Before showing the main indexibility result, note that there are potentially four
possible formulations of our problem, due to the four different ways of accounting for
the Lagrange multiplier A in the rewards. First, from the definition, A can either have a
subsidy or cost interpretation. Moreover, it may be accounted for when the pull/not pull
decision is made (before the delay) or when the decision gets implemented (after the
delay). Accounting for A before the delay has been more prevalent in the literature. For
instance, Wang and Bickis (2003) and Caro and Gallien (2007) consider the subsidy
and cost interpretations respectively under that framework. In our proof of indexibility
we found it easier to account for A after the delay. Regardless of this choice, our first
proposition shows that the accounting method does not affect the indexability result.
Furthermore, because the order of the indices do not change, the priority index policy

whose indices are derived from four different accounting methods would be identical.

Proposition .1 Suppose one formulation is indexable. Then the other three formula-
tions are also indexable. Moreover, the ranking of the indices does not change from

one formulation to the other.

Proof. See Appendix A.

In the next section, without a loss of generality, we examine the formulation where
A represents a subsidy for not pulling and rewards (including the subsidy) are ac-

counted when the decisions are implemented after the delay.



3 Structural Results

In this section, we establish the indexability of multiarmed bandit problem with (i) con-
stant delay, and then (ii) with stationary random delays in which the delayed responses
do not cross over. We do so by showing that the single-arm bandit with response delay

is indexable.

We point out that the underlying bandit problem is not restless, or in other words
the state of arm that is not pulled does not change ¢ periods later. Only after the
incorporation of the response delay does the problem become ‘restless.” We exploit
this underlying non-restless structure of the problem in the proof by matching sample

paths.

Let J,’:s(z) denote the maximum profit-to-go function of an arm s with a subsidy A
for a state z with ¢ periods to go. To show that arm s satisfies Whittle’s indexibility def-
inition, for each state z a unique index A must exist such that the expected discounted
profit from pulling is equal to that from not pulling. More formally, if we denote the
maximum profit-to-go function of the arm after it is pulled and after it is not pulled
respectively as

‘]t):s(Z) (Pull) . and Jt},\s (2) (NotPull) ,

we would want to show that there exists a unique A such that J (z) P40 = J} (z) WerPull),

We can achieve this if we show that AJX(z) = J}, (2) P40 — JX () VorPull) s a decreas-

ing function of A for every state z, and then take the limit when ¢t — oo.



3.1 Indexability of Constant Delay

Consider a single-arm s and a constant response delay of ¢ periods. The maximum

profit-to-go function at time ¢ and state x; with delayed orders (v}, ...,vf ) is given by
J,’fs(xs,vi, ...,vf) = Rs(xs)vsl +A(1- vs')
+8max{EwsJ, 1 s(fs(xs,vs W), V2, v 1),
Ewst—l,s(fS(xs,vsl ) ws),vs, “ sao)}
The expectation is taken with respect to the random variable w;, which has an arbitrary

distribution that is dependent on the current state x;. When necessary, we will write

w;s(xs) to make the parameter dependence explicit.

The difference in value at time 7 between the (Pull) and (NotPull) decisions has

the following expression:

A.l,’"s(xs,vsl - vf) = Rx(xs)v} +A(1— v}) + SEwth)”_lys(fs(xs,v},ws), v2 ,vs, 1)
~{Rs(xs)vh + M1 = v}) +8Ey J2 | ((fs(xs,vh,ws) V2, .. vE,0)}
= 8EWS{J3‘_1’s(fs(xs,vi,ws),vg,...,vf, 1)
- }_l,s(fs(xs,vsl,ws),vf,...,vf,O)}.
Letting z; = (x;,v!,. .,v) denote the augmented state, we can rewrite the value func-

tion as,

Jr 1s(ZS)— — 1s(z ) (Pt +[ 1S(ZS)] Ji- ls(z )(NOtPuU)"‘[ 1s(Zs)] ’
where [r]* = max{0,7}, [r]” =max{0,—r}.

We now prove the monotonicity result. The key step of the proof uses a coupling
argument to show the desired inequality. For notational simplicity, we will omit the

subscript s in the proof.

10



Proposition L2 For all augmented state 7, AJM(z) is decreasing in \.

Proof. Using induction, we show that for any A; > Az, AJM (z) < AJM(2) for all z.
The proof is for £ > 2. For £ =1 the notation would have to be slightly different but
the argument is exactly the same.

Base Case: t = £+ 1.

Here, we make the (Pull)/(NotPull) decision only once, and observe the éxpected

outcome in the remaining ¢ periods. We have,

N%+l(x,vl,...,ve) = 8EWI {J?‘(f(x,vl,w),vz, ""vé7 1) _J?'(f(x’vl,w),vz,...,vl,O)}
= SeElewz e .EWI{J%(foe(xa‘_"aw)a 1) _Jll(foe(x’z’&);o)}
= 8 EWR(f (x,v,w)) — A},

where the vector v represents all the delayed decisions (v', ot ), the vector w rep-
resents the series of dependent random variables (wy,wa,...,wy), and o (x,v,w) is a
short-hand notation for f(f--- f(f(f(x,v',w1),v?,w2),v>,w3),...),v¢,wp). Each w;’s
distribution depends on the sample path of the states, and the expression E,, represents

an /-iterated expectation framework. This expression is clearly decreasing in A, Vz.
Induction Step: t > £+ 1.

Assume that Vz = (x,v!,...,v%) and A > Az, AJM | (2) < AT, (z). We will show that

V= (x!,...,v0) and Ag > dg, AT (2) < AT2(2).
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We write out the expression for AJ?‘_‘l( ) and AJ, 21 () as follows:

A.I,)“(x,vl,...,ve) = SEWI{JZ”_‘l(f(x,vl,m),vz,...,vé,1)
—JZ‘_‘I(f(x,vl,wl),vz,...,ve,O)},
A]Z‘Z(x,vl,...,ve) = 8Ew/l{lt}‘_21(f(x,vl,wll),vz,...,ve,1)

A
—J2 (F vt wh) v, 0E,0)).

The difference between the first and second expressions gives us the following:

DIFF = AJM (x,v!, ... .v) — AT (v} .. vE) |
=8EWI{JZ“1( (x,vl,wl),vz,...,ve,l)—JZ‘_‘I(f(x,vl,wl),vz,...,vZ,O)}
—(BE,y {J}2, (F(x, v wi) W2, o V1) = 22 (£ (0! W), 02, v, 0))).
After rewriting each row’s expression J = max{J (D) jNotPull)} in terms of J =
J(Putl) [y (NotPull) _ y(Pull)]+ and j = j(NotPull) | [ j(NotPull) _ y(Pull)]~ and rearranging

the terms, we have,

DIFF = SEwl{f}ll(f(x,vl,wl),vz,.,,,vf,1)(N0’Pu”)
I (F GVt W),V 0) (D)
—OE,, {J" {(fx, vhwh) 02, v, 1) (orPull)
—J,)"_Zl(f(x,vl,wll),vz,...,vé,o)(”u”)}
OB, [ATM (F (vt wi) V2, v DT
—8E, [AT}2| (F(x, 0!, wh), W2, v D]
—5Ewl[AJ)~1 (F(x,v,w1), V2, . v, 0)])”

+BE,; [AT}2 (F(x,v!, wh), V2, .V, 0)]

Each of the last two rows is less than or equal to O via the induction assumption,
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and we will denote the sum of the last two rows as C < 0. After evaluating out each

term in the first two rows, e.g.,
T (vt wi), w2, v, D) NP = ROf(x,vh wy) w2 4+ A (1—v2)
+5EWZJZ‘_‘2(f(f(x,v1,w1),v2,wz),v3, s 1,0),

we arrive at the following expression:

DIFF = 8E,, {R(f(x,v!,wi)V?+A (1 —1?)
OB, M, (F(f (x, v wi), 2, wa) 2, . v, 1,0)}

—8E, {R(f(x,v",w))V? + A1 (1 —v?)
L(F(F vt w), v wa) V3, vE 0,1))

—8E,/ {R(f(x,v" W)V +ha(1-v%) &

+OEy, I

+5EW/13"_22(f(f(x,v1,wll),vz,w’2),v3,...,vg, 1,0)} ’
+8Eu/ {R(f(x,v wl))v2+7»2(1 —vz)

+8EW2J3‘22(f(f(xv wh), v wh) v, 8 0,1)} +C

IA

8%E, E W2{JM (F(f (v wr), v wa), 02,0 1,0)
——Jt}‘_'z(f(f(x,vl,wl),vz,wz),v3,...,ve,O, 1)}
OB,y B,y {012, (F(F (0", W0), 07, wh),03, 0,0, 1)
—J,;”_zz(f(f(x,vl,w'l),vz,w'z),v3,...,ve, 1,0)}.
We now introduce the coupling argument. Consider the bandit with subsidy A;
starting from two different states. The first, which we refer to as System A with time

1 —2 to go from state f(f(x,v!,wy),v?,w2),v3,...,v¢,1,0) and follows the optimal pol-

icy. The second, which we refer to as System B, starts from state
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F(f(x,vh,wi),v% wa),v3,...,v¢,0,1), but it implements the same decision as System A
in the first £ stages, and after that, it follows its own optimal policy. Let ©* denote the
optimal policy of System A (which is followed by System B for the first £ periods).
Note that both System A and System B start from the same (non-augmented) state
f(f(x,v!,w1),v?, w>) and experience the same number of state transitions within the
next ¢ periods. Moreover, these transitions have exactly the same Markovian dynam-
ics, so by defining the two processes on a common probability space, we can assume

that the actual transitions are the same.

Let Gﬁl \ (z) represent the value of being in state z with time 7 — 2 to go and follow-
t— .

ing the policy *. Then we have,

JZ‘_‘z(f(f(x,vl,wl),vz,wz),v3,...,ve,l,O) =Gﬁl (f(f(x,vl,wl),vz,wz),VS,...,ve, 1,0),

t—2

and
Jt}“_'z(f(f(x,vl,wl),vz,wz),v3,...,vé,O, 1) 2Gﬁt}‘_z(f(f(x,vl,wl),vz,wz),v3,..'.,vZ,O, 1).

The first equality and the second inequality follow because 7t* is optimal for System A
but suboptimal for System B. The same coupling argument can be used for the bandit
with subsidy A;, only that System A would start in state (...,0,1) and System B would

start in (...,1,0). Denoting ©** as the optimal policy of System A, we have,

Jt}‘_zz(f(f(x,vl,w'l),vz,w'z),v3,...,ve,O, 1) :Gﬁliil’(f(f(x,vl,w'l),vz,w'z),v3,...,vé,O,1),

and

J}fz(f(f(x,vl,w'l),vz,wlz),v3,...,vg, 1,0) > G» 2(f(f(x,vl,w’l),vz,w’z),v3,...,v‘], 1,0).

*%
Lo

By subtracting these smaller values of Gﬁf*

t—

, and GZ;l g the DIFF can be bounded above

as follows:
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DIFF < 82EWIEW2{G%_2(f(f(x,vl,wl),vz,wz),v3,...,vf,1,0) (DIFE.1)
—G?;;‘k_z(f(f(x,vl,wl),vz,wz),v3, . v60,1)}

+8E,y; B (G2 (F(F(x01,w),12,w5),0%,..0,0, 1) (DIFE.2)
—G%:z(f(f(x,vl,w’l),vz,w’z),v3, .V 1,0)}

We now evaluate the expressions (DIFF.1) and (DIFE.2).

(DIFE.1):
8E,y, Eyy, G PGV wi) 2 w2) 2, v, 1,0)

= awalEWZ...EWGQ;_[ (fo4(x, v, w),1,0,u, .ol _,)
= SZEWlez...EWE{R(f“(x,z, w))

+8Eu, Gt (F(FH05 0, ), L, wesn), 0,63,y _p7_1)}
= 8 EW{R(f (x, 2, w))

A- O * *‘
+8Ewg+| (kl + SJ[—IZ—Z(f(f é(x,!,&), 1,Wf+l)>u1 PREEE) uz_l ,ue))}’
where u; means the optimal t-th action for System A. Similarly,

82EW1EWZG7};:1‘_2(f(f(x’vlaWl)av2:w2)av3a ...,VZ,O, 1)
e SZEWIEW2...EWeGﬁ,}x—I (foé(x, !,&),0, 1,MT, erey u;_z)
= 8B Ewy-- B (M +8G3}  (f 0w, w), L,y g5 )}

= 8 Ew{M +8(R(f (x,v,w))

A 0. * *
+5sz+2Jt—le_2(f(f e(-",ﬁal"_)» luWZ+2)a Up,..., u;_pue))}'

Both wy and wy, have dependence on the same state f°¢ (x,v,w) and hence have
the same distribution. Therefore, the last terms from the expressions, 8E,, +1J,)“_‘g_2(‘)

and OE,, +2.It)‘_‘ ¢—>(+) cancel and we have,
(DIFE.1) = &(1 — 8)E,R(f°* (x,v,w)) — & (1 — §)A;.

Following the same sequence of reasoning, we get the expression for (DIFE.2) pro-
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vided below:
(DIFE2) = 8 (1 — §)A2 — 8(1 — 8)EyR(f**(x,v,W)).
Summing the expressions (DIFF.1) and (DIFF. 2),

DIFF < (DIFF.1)+ (DIFF2)

S(1—8)h —8(1 -8\

+8(1 = B)EWR(f* (x,2,w)) — 8(1 = 8)EwR(f** (x,v,W)).

The initial wy and w/ share the same distribution because it is dependent on the original
state of the arm x at time ¢. Also, since v are identical, the expression involving the

expectations cancel and we have that DIFF is bounded above by
DIFF < &/(1—8)A; —8(1 -8\
= (-M)F(1-8) <0, Vd<I.
|

We now present the result that multiarmed bandit problems with constant response

delay are indexable.

Theorem 1.1 The multiarmed bandit problem with constant response delay ¢-is index-

able.

Proof. First, we have AJ*(z) decreasing in A, V,z, and it is easy to see that AJ0(z) > 0,
and AJ*(z) < 0. Thus, to show that a well-defined A exists such that AJ*(z) = 0, it
suffices to show that AJ*(z) is continuous in A. We do this by induction.

When 7 = £, we have AJ}(x,v!,...,v¢) = E,(R(x) — A), and J}(x,v!,... V%) =

max{E, (R(x)),A}, which are clearly continuous in A for all z. Suppose that AJ* | (z)
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and J* | (z) are continuous in A for all z. Then,

Alf‘(x,vl,...,vé) =SEW{J,}‘_l(f(x,vl,w),vz,...,ve,1)—J}_l(f(x,vl,w),vz,...,vz,O)}
and
J}(x,vl,...,ve):max{EwJ,}‘_l(f(x,vl,w),vz,...,ve,1),EWJ,)‘_1(f(x,v1,w),v2,...,vZ,O)}

are clearly continuous in A. Moreover, as R(x) is uniformly bounded (by problem
assumption), J*(z) converges as t — co. Hence, there is a well-defined A such that

AIMz) = 0. [ |

3.2 Indexability of Stationary Random Delay

In many practical settings, delays may be random. We show that the indexability result
can be generalized to bandit problems with stationary random delays, in which the
delayed responses do not crossover (i.e., the stochastic delay £ € {m,m+ 1} for some
fixed integer m). If, however, the randomness in the delay lengths permits the delayed
responses to crossover (i.e., £ € {m,...m+ K}, K > 1), then the bandit problem is no

longer indexable.

Theorem 1.2 The bandit with stationary random delay is indexable if the delayed re-
sponses do not crossover. However, indexability need not hold if the delayed responses

are allowed to crossover.

Proof. See Appendix B.

This result is analogous to the inventory systems with stochastic leadtimes. In
particular, if the random delay process does not have order crossovers, the base-stock

policy is shown to be optimal (e.g. Kaplan 1970, Muharremoglu and Yang 2008).
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However, Robinson et al. (2001) show that the base-stock policy is no longer optimal

when the order are allowed to crossover.

4 Numerical Work

In this section, we examine the Beta-Bernoulli learning model where the prior distri-
bution of the success probability p of the Bernoulli random variable is characterized
by a Beta distribution with parameters (c,3). The state of an arm, corresponding to
this parameter (o, 3), is updated in a Bayesian manner: to (o + 1,B) after observing
a success or to (o, + 1) after observing a failure. In other words, a bandit in state
(o, PB) is statistically equivalent to one that began with its success probability p having
an a priori distribution uniform on [0, 1], and which has now shown o — 1 successes

and B — 1 failures in a.+ P pulls.

We compute the indices for the multiarmed bandit model with constant delay £.
Then, using the indices we examine the performance of the resulting MPI policy

against an upperbound, and compare it to those of other existing closed-form indices.

4.1 Index Computation

Compared to the classical multiarmed bandit problem (with no delay), the indices from
Theorems 1 and 2 do not have an equivalent representation as an optimal stopping-
time problem. Therefore, an approach to compute the indices based on this property,
which Gittins (1989) calls the direct approach, is not available. Instead, we adopt the
calibration approach which uses dynamic programming value iteration (see Gittins

1989 for further discussion of both approaches).
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The indices for the bandit problem without delay using the Beta-Bernoulli learning
model have been computed and tabulated in Gittins (1989). We extend this table by
adding the indices for delays ¢ € {1,2,3,4,5} and discount factors
3 € {0.5,0.6,0.7,0.8,0.9,0.95,0.99}, and make it available online for public use (see
the authors’ website). The indices have been computed using the subsidy/implementation
framework, and by Proposition 1, the index values under other reward accounting
methods are the same up to a constant factor, which does not affect the actions sug-

gested by the MPI-index policy.

4.2 Numerical Simulation

In this section, we examine the performance of the MPI policy for the Beta-Bernoulli
learning model (DeGroot 1970) with constant delays. We compute a performance
upperbound by solving a relaxed multiarmed bandit problem in which the constraint
that does not allow more than N arms pulled per period is only required to hold on
average (see the Appendix C for the upperbound formulation). We use this to gauge the
suboptimality of the MPI policy. We then compare its performance with the myopic
policy (MYO) that maximizes the single-period reward (see for instance, Aviv and
Pazgal 2002), and the closed-form index policies developed by: Caro and Gallien
(2007, denoted CG), Brezzi and Lai (2002, BL), and Ginebra and Clayton (1995, GC),
in which the respective index formulas (shown in Table 1) have been modiﬁed as in

Caro and Gallien (2007) to account for delays.!

The simulation and the upper bound optimization codes are written in Matlab, and

are available from the authors upon request. Using a discount rate of § = 0.95, we

I'The index-specific coefficients of the CG and GC formulas where obtained through least-squares
using a small sample of exact MPI values.
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Table I.1: Closed-form index formulas. Here B denotes the Beta
prior with parameters (o, P) and a delayed-adjusted variance equal to
V[B] = oc|3<(oc+[3)2(oc+[3+zelvt+l))—l, where V' is the t-th delayed ac-
tion. Accordingly, Y denotes ;:lgernoulli random variable with success probability

a(o.+ B)~!. For index-specific coefficients and functions, refer to the original articles.

Name Closed-form Index Index-specific
Myopic (MYO) E[B|

Caro-Gallien (CG)  E[B]+ 25 ¢v/V[B] (7 P e cas
Brezzi-Lai (BL) E[B)+ /V[Bly (ﬁ%) w()
Ginebra-Clayton (GC) E[B]+ks¢+/V|[B] ks ¢

run a series of simulations for 5 delay periods £ € {1,2,3,4,5} for T periods such that
Y2 7419 < 107° to approximate infinite horizon. We let our initial prior to be the uni-
form distribution, corresponding to the Beta distribution with parameter (o, )= (1, 1),
as it best represents the initial state of knowledge. We did an extensive simulation study

and here we show the results for a few representative instances.

The simulation results where the decision maker pulls 4 arms out of a total of 32
arms, i.e. (S,N) = (32,4), are shown in Table 2. The first observation is that MPI
index policy is near optimal since the suboptimality gap is very small. In general it
was less than 4% in all the simulations we ran, and in most cases it was actually less
than 2%. The gap has a slight tendency to increase with the length of the delay ¢. This
could suggest that the MPI policy becomes slightly worse. However, it could also be

that the upperbound deteriorates with longer delays.

We also note that all the delay-incorporated closed-form index policies perform
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Table 1.2: Suboptimality gap for the MPI policy and the closed-form benchmark poli-
cies. (o, B) = (1,1), (S,N) = (32,4), 6 =0.95.
{ MYO (%) CG(%) BL (%) GC (%) MPI(%) UpperBnd

1 7.96 0.74 0.69 0.53 0.51 60.30
2 8.80 1.43 1.66 1.31 1.53 59.65
3 8.98 2.26 2.72 2.71 2.15 59.01
4 7.23 2.61 2.81 2.80 2.82 58.38
5 6.34 3.56 3.51 3.66 3.63 57.80 |

very close to the MPI policy and that the differences are not statistically significant.
We attribute the performance similarity to the fact that all the values of the modified
closed-form indices provide good approximations of the MPIs. We do however find
that the myopic policy performs significantly worse than all other policies. ’fhis is to
be expected because the myopic policy ignores the delayed actions as well as the future

benefits from learning.

Computing a large table of necessary MPI’s often requires high level of compu-
tational complexity. Our finding suggests that, in such cases, one should adjust the
existing closed-form indices and use the policy as a substitute for the MPI policy and

attain comparable results.

Furthermore, we find that as the number of projects S and the number of allow-
able pulls N increase while maintaining a constant ratio N/S, the suboptimality gap
of the MPI policy approaches zero. The suboptimality gaps for (S,N) = (32,4),
(S,N) = (160,20), and (S,N) = (320,40) are shown in Table 3. Whittle (1988) ini-
tially conjectured that the MPI index policy is asymptotically optimal. This was largely

validated by Weber and Weiss (1990) for finite-state restless bandits. Our results sup-
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port the conjecture for infinite-state bandits with response delay.

Table 1.3: Asymptotic suboptimality gap. (c,B) = (1,1), 8 = 0.95.
(S,N): (324) (S,N): (160, 20) (S,N):  (320,40)

¢ MYO (%) MPI(%) MYO (%) MPI(%) MYO (%) MPI (%)

1 796 0.51 8.65 0.64 8.78 0.07
2 8.80 1.53 7.64 0.65 772 0.28
3 8.98 2.15 475 0.47 4.62 045
4 723 2.82 3.97 0.87 3.74 0.68
5 6.34 3.63 475 1.60 477 117

5 Conclusion

In this paper, we prove the indexability of the multiarmed bandit problem with re-
sponse delay, where the delays are of arbitrary length and are allowed to be stationary
random as long as the delayed responses do no crossover. We show that, under station-
arity assumption, the problem is not indexable if the order is allowed to crossover. The
MPI policy performs near optimally, and the closed-form index policies when adjusted

for delay represent good estimations of the MPI and perform well.

Further refinements of these policies are worth studying. For example, Kaplan
(1970) formulates a stochastic lead time process in which the delays for each period
are identically distributed but statistically dependent random variables so that orders
do not crossover. It would be worthwhile to examine whether our results hold for
nonstationary random delays. Another interesting variation is to make the pulls irre-

vocable. That is, once an arm stops being pulled, it can never be pulled again. This
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can be a desirable property from a practical standpoint and the results available for the
classical bandit problem show a high performance that might extend to the case with

response delays (see Farias and Madan 2008).
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APPENDICES

A. Equivalence Relation

There are potentially four different ways of accounting for the Lagrange multiplier A,

which are given below and are summarized in the following table.

As Subsidy for As Cost for

Lagrange Multiplier A Accounted:  Not Pulling Pulling
When Decision Made j,)” ITIZ“
When Decision Implemented JA H*

Table 1.4: Four different representations.

TMa vtV = R(x)vl+max{8EW.7t7‘_1(f(x,vl,w),vz,...,vf,1),

A+ SE T (f(x,v!,w),12,...,v¢,0)}.
Mot v = R M1 —vY) 4+ max{SE,J* | (f(x,v!,w),v2,... v 1),

SEWJZ‘_I(f(x,vl,w),vz,...,ve,O)}.

HMx v, 08 = RV 4+ max{—A+8E, H" [ (f(x,v',w),V?,...,v51),

SEWI/-it)‘_l(f(x,vl,w),vz,...,ve,O)}.
H,"(x,vl,...,vl)z (R(x)—?»)vl+max{8EwH,7‘_l(f(x,vl,w),vz,...,ve,1), .

SE, HM | (f(x,v!,w),v2,...,v5,0)}.

Proof of Proposition 1. Through induction on 7 it can be shown that AJ*(z) =
AH,"(Z) = Aftw‘(z) = Aﬁtsz)‘(z) for every (augmented) state z, where the operator A
denotes the difference between the expected profits under the Pull and NotPull deci-

sions. Clearly, if the difference is decreasing in A for any of the formulations, then
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it is also decreasing for the other formulations. The Proposition follows from this

observation. [ |

B. Indexability of Stationary Random Delay without Order Crossover

We first establish the following monotonicity result using the coupling argument as

was done previously for Proposition 2.

Proposition B.1. For all state z, AJ*(z) is monotonically decreasing in A for stationary

random delay / if the orders do not cross over, i.e., £ € {m,m+ 1}.
Proof. We show that if £ € {m,m+ 1} then the problem is indexable.

We show that for any A; > A, AJ,7k '(z) < AJ,)‘ 2(z) for all z, via induction. For sim-
plicity of illustration, we will assume that m = 0, or in other words, that the delay is
uncertain between no delay and a delay of period 1. The structure of the proof remains

identical for m > 0.

Base Case: t =1
In the final decision period ¢ = 1, there will be zero delay with probability po, and a

delay of one period with probability p;. We have,

JMx,1) = R(x) +max{poEw,R(f(x,1,w1)) + p10, poA+ p10}, .
0) = A+max{poR(x)+ p10,poA+ p10},
J{‘(x, 0) = 0+ max{poR(x)+ p10,poA+ p10}, and
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AJ{“()C, 1) = pO{EwlR(f(x’ LWI)) - )"}’
A./{‘(x,O) = A./f‘(x,@) = po{R(x)—A}.

All are clearly decreasing in A.

Induction Step:
Suppose that Vz, A; > Ay, A],;‘_‘l(z) < A.It)‘_zl(z). We will show that Vz, A; > Az,
A (2) < AT (2).

Again, there will be no delay with probability po, and a delay of one period with
probability p;. We have,
JMx,1) = R(x)+max{po(Ew,R(f(x,1,w1)) +8Eu, I} (F(£(x,1,w1),1,w2),0))
+p1(8J1 (f(x, 1,w1), 1)),
po(A+8Ew, Il (f(x,1,w1),0)
+p1(8Ew J) (f(x,1,w1),0))},
7x,0) = A+ max{po(R(x) +8EuJl (F(x:1,91),0)) + 1 (8, (3, 1)),
po(h+387},(x,0)) + p1 (87}, (x,0)},
pi(
)

JMx,0) = 0+max{po(R(x) -+ 8Eu,J* | (f(x,1,w1),0)) + p1 (8]} ; (x, 1)),
(k+8ﬂ‘ L (%, 0))+1)1(5 1(x,0))}, and
ATMx,1) = po(Ew R(f(x,1,w1)) =A) + po(8Ew, 11 (f(f(x,1,w1),1,w2),0)
—8E,, I} | (f(x,1,w1),0))
+p1 (3 (f (. 1,w1),1) = 8Ew I (f(x,1,w1),0)),
ATMx,0) = AJMx,0) = po(R(x) = 1) + po(8Ew, 1 (f(x,1,w1),0) — 8/, (x,0)),
+p1(87* | (x,1) = 8J* | (x,0)).
For simplicity, we will examine the indexability for state z = (x,0), but the identi-

cal argument holds for other states. We have,
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DIFF = AJM (x,0) — AT} (x,0)
= po x {(ha— M) + 8By, JM (f(x,1,w1),0) — &I (x,0)
—8E,/ ]\ (f(x,1,w,),0) + 872, (x,0)}

+p1 x {8IM (x5, 1) = 8IM | (x,0) — 8772, (x,1) + 7™, (x,0)}.
After rewriting the expression and rearranging the terms, we have

DIFF = po x {(A2 — M) +5EWIJ3‘_‘1(f(x, 1,wy),0)NorPull) _ M (. @)(Pull)

—BE, 12, (f(x,1,w}),0)NerPul) 1 8772 (@) (Pul)}

+p1 x {8IM, (x, 1)NotPull) _gsM (o) (Puld)
—8J™ (x, 1) WorPull) 4 5722 (1 0)(Pull)}

0> (B A1 (1) O ek, [AT72, (£ 5, 1,94),0))
—5[AJ7“1(x 0)]~ +8[AJ}2,(x,0)]" } }

+p1 x {8[ATM (v, 1)]* = S[AT2 (x, 0)]

—3[ATM, (5,0)) + B[A2 (x,0)] ).

Eliminating the bottom two expressions, which are both non-positive by the induc-

tion assumption, we have
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DIFF < po x {(Aa = M) + 8By, J" (£(x, 1,w1),0)NorPull) — 574, (x, 0)(Pult)
—8E, 112, (f(x,1,w]),0)NorPuld) 1§72 (x,0)(PuiD)}
+py ¥ {SJZ\-_ll(x’ 1)(NotPull) _SJI)V_II(X,O)(PIAU)
_s th_zl (x,1 )(NotPull) +8 th_z | (x, O)(Pull)}
= pox{(A2—Ap)
+po X {8y (M + 8IM, (f(x,1,w1),0))
—8(R(x) +8E,,J;" 5 (f(x,1,w1),0))
—OE, (hz + 81, (£(x,1,w,),0))
FB(R() + 8B, I (£(x,1,w/),0))
+p1 X {82E,, TM, (f(x,1,w1),0) — 827N (x,1)
— 8B, % (f (x,1,w),0) + 8272, (x, 1) }}}
1 % {po X {B(R(X) + M + 8B, S5 (f(x,1,w1),0))
—8(M + R(x) + Ew 1" (f(x,1,w1),0))
—8(R(x) + M2+ BE, J1% (f (x,1,w)),0))
+3(Ay + R(x) + By 12, (f (x,1,4),0))
+p1 X {B(R(x) + 8w, I, (£(x,1,w1),0)) — 8(A1 + 871, (x,1))
—B(R()+8E,J, % (f (6, 1,)),0)) +8(h2 +513:22<x, D)}
= po(Aa —Mi)+3(A1 —A2)(p5— pi)
P {8 En, I (f (6, 1,w1), 0) = 8271 (x, 1)
—8E,; 1%, (f (x,1,w]),0) + 827}, (x, 1)}

We now introduce the coupling argument. Consider the bandit with subsidy A;
starting from two different states. The first, which we refer to System A, starts from
the augmented state (f(x,1,w;),0) at time ¢t — 2. The second, which we refer to as
System B, starts from state (x,1), but implements the same decisions as System A

in the first stage, and after that, it follows its own optimal policy. Let n* denote the
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optimal policy of System A.

Let Gﬁl , (z) represent the value of being in state z for A at time ¢ — 2 and following
-

the policy m*. Then we have,

T (f G 1wi),00 = GRE(f(x,1,w1),0), and JM,(x,1) =GRl (x,1).

t

The same coupling argument can be used for the bandit with subsidy A,, only
that System A would start in state (x,1) and System B would start in (f(x,1,w}),0).

Denoting ** as the optimal policy of System A, we have
T%61) = G (1), and J1%(F(x,1,w)),0) 2 G2 (£(x,1,w)),0).

By subtracting these smaller values of G’N ! and G, , the right hand side of the

* ok ,
t— TC

inequality, and therefore DIFF, is bounded above by

DIFF < po(ha— M) +8(M —A2) (3 — p?)

+pi{8E,, Gyt (f(x,1,w1),0)=8Gy! (x,1)  (DIFED)

+62c;j;§i2( 1)-8E,, Gﬁz* (f(x,1,w,),0)}. (DIFF2)
We now elaborate the expressions (DIFF.1) and (DIFF.2).
(DIFE.1) = p1{&E,, {po(M +R(f(x,1,w1))u* + A1 (1 —u*)

+8E, Gt (f(f(x 1, w1),u*,w2),0))
+p1(M +8Ew1Gﬁ,l_3(f(x,1,W1),u*))}

—8{po(R(x) + Ew, R(f(x, 1, w1))u* + A1 (1 — ")
+8E., Gyt (f(f(x,1,w1),u*,2),0))
+p1(R(x) +Ew Gy (f(x,1,w1),u"))}}

= p1{8* (M —R(x))}-

Following the same argument, we have
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(DIFE2) = pi1{&(R(x) —A2)}-

Thus, after summing the expressions, we have

DIFF = po(hz — A1)+ 8(A1 —A2)(p§ — p}) + P18 (M — M)
= (A=) (po—8p3+8p? —8py)
= (A=) (po(1—38pg) +3pi1(p1 —3)) <0.

Notice that if pg =1 & p; =0 or pg = 0 & p; = 1, the above inequality reduces to,

respectively,
(A2 —7)(1-8) <0, and (Ax—2)0(1—9) <0,
which is consistent with the result of Proposition 2. [ |

Proposition B.2. If the delayed responses are allowed to crossover, then AJ(z) is

not necessarily monotonically decreasing.

Proof. We provide an example of a range of A’s in which AJ*(z) is increasing when
the delayed responses are allowed to crossover. In particular, consider £ € {0,2},

z = (x,0,0) at time ¢ = 4, and J}(-) = 0. We have,

J(x,0,0) = A+ max{8/3(x,0,1),8/3(x,0,0)}
AT} (x,0,0) = §{J3(x,0,1) —J}(x,0,0)}.

We elaborate the necessary J3(-)’s and Ja(-)’s,
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IMx,0,1) = max{R(x) +8E,Jr(f(x,1,w),1,0),A+8J3(x,1,0)},
J3(x,0,0) = max{R(x) +8E,J}(f(x,1,w),0,0),A+8/3(x,0,0)},
SELJM(f(x,1,w),1,0)= SELR(f(x,1,w)) |
+&EyEy max{R(f(f(x,1,w),1,w)),A},
872(x,1,0) = 8R(x) + 8%E, max{R(f(x,1,w)),A},
SE,J3(f(x,1,w),0,0) = S+ 8%E, max{R(f(x,1,w)),A},

873(x,0,0) =  SA+ &2 max{R(x),A}.
We consider the following independent binary random process as shown in the figure.

t=4 t=3 t=2 t=1 t=0

Figure I.1: Independent binary random process.

Let R(x) = x, and for simplicity let us take x = 1, and let A; = 1.67, and A, = 1.55,
with & = 0.9. Substituting these values into the expression above, we have
TN (x,0,1) = 4.60, JM(x,0,0) =453, J32(x,0,1) =439, J32(x,0,0) =4.34,

giving us,
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AT (x,0,0) = 8{JM(x,0,1)—J2(x,0,0)} =0.9(0.067) = 0.0603
AT (x,0,0) =8{J22(x,0,1)—JM(x,0,0)} =0.9(0.055) = 0.0495.
Or in other words, although A; > A,, we have Mi“ (x,0,0) > AJ;‘2 (x,0,0), which im-

plies that AJ}(x,0,0) is increasing in this interval. : [ |

Proof of Theorem 2. The Theorem is clear by following the outline of the proof

of Theorem 1, and using the results of Proposition B.1 and B.2. |

C. Upperbound Formulation

So far, we have focused on formulating a heuristic because the dynamic programming
formulation that defines the optimal policy is intractable. In this section, we formulate
a tractable Lagrangian upperbound of the problem by decoupling the dynamic pro-
gram into S independent arms. The upperbound enables us to provide a suboptimality

guarantee of the resulting index policy.

Proposition C.1. Define the following function:

LMx, v, v9) = NA
+maxu{Zf:1(RS(xs) - }\.)V; +8EWLZ\'_1(f(X,Vl,W),V2, "'avl)u)}
s.t. ue{0,1}5,

fort > ¢, and fort </,

IMx v v = NA+ TS (Ro(xs) — Al 4 8EwL) | (f(x,v',w),v%,...,vE)}
)= 0,
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where the A represents the cost when the arm is actually pulled, and

Li(x,v',...,v0) = miny LMx,v!,...,vE).

Then,

J(x, v v < LF(x, v V) < EMx, VYL vE).

Proof. We prove by induction. For ¢ < /, it is clear that the following holds given that

Y5 V<N, W<t

Jrx, vl =Y5 | Ry(xs)v!
< NA+ T (Ro(xs) = A)vs
=L}(x,v!),
and
T, v V) =TS Ry(xs)vE + 8BS (F(x, v, W), v, ... V)
SNAH Y5 (Ro(xs) — MV +8EwL} | (F(x, v, w),v2, ..., ¥)
=LMx,v!,..., V).

Fort > £+ 1, suppose J;_, < H* ;. Then,

JE(x, v, .. v = MaX,e (o, 135,y uS<N{ZS L Rs(x5)vl

FOB W (%, W), ¥, v w) |

< maxye o s u<N{Nx+>:s_ (Rs<xs> Ay
+8BwJ;_ (f(x, v, w) )}

S MaXyeqo q)sys u<N{N7L+):s—( s(xs) = M)y
+8EwL™ | (f(x,v!, W), )}

< maXye(g,1)s {NK+Z§=1(Rs(xs) - 7‘)"51
+5EWLZ‘_1(f(x,v1,w),v2,...,ve,u)}

= LMx,v!,.., V).
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The first inequality follows because Y5_, v} < N, and the second inequality holds be-

s=1"Vs
cause of the induction assumption. The final inequality is because it is an optimization

problem defined over a larger set. n

We next show that the above expression for L*(x,v!, ..., ) can be formulated more
simply in terms of single-arm problems. Such similar decomposition has been shown

previously without delay (see Caro and Gallien 2007, Bertsimas and Mersereau 2007).

Proposition C.2.
t s
Forz < ¢, LMx,v',...,v') = NA Y &+ Y L?js(xs,vsl,vf, ...,V%), where

s=1
L}‘ (x5, 0L = (R(xs)—k)v}+5EWLZ‘_1’S(f(x,v1,w),v2,...,v’).
ii) Fort > £+1,

LMx v, .. N?VZSt 1+ZL?‘S (x5,v}, .., v0),

1=1 s=1

where

L,}‘,S(xs,vsl, Vi) = max{(R(xs) — ?»)vs1 +8EWL?‘_1’s(f(x,vl,w),v2, VT,
(R(xs) —A)v} +8EWLZ‘_1’S(f(x v w),v2 .. v,0) ).
Proof. We prove by induction.
i) For delay of £, t = £+ 1 is where we’ll make the final decision. Hence, L}(x, vl ... vh)

1
et

can be considered a constant where the decisions (v!, ..., v¢) gets carried out. We first

evaluate the quantity for # < £. L}(-) = 0. First by Proposition C.1, we have:

LMx,v')  =NA+E5 (Ro(xs) —A)v; +SEW{LG()}
=NA+ ):fﬂL}’S(xs,vsl).

Then, if we assume the expression holds for L7‘ 1» we have
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LMx,vh V) = NAHES | (Ry(xs) — M)v!+8Ew{L} | (f(x,v!,w),v?)}
= Nh+ EE (Re(xs) — W) |
FOEW{NALZ) 85 + X8 L (f (x5, v, ws), V3, s Vh))
= NALo 8+ T {(Rs(xs) = My
FOEw LM (vl we) 2, )
AT 8 B L ().

ii) Now suppose ¢t > £+ 1, and the expression holds for ¢t — 1. Then, again from Propo-

sition C.1, we have the following expression:

LMx, v, v2 v = NA+maxg{T5_ | (Rs(xs) — A)v}
+SEwL} (f(x,v',w),v?,...,v/,u)}
= N+ maxg{Y5_; (Rs(xs) — A)v} + SEw{NAY.Z} %1
XS HY (s, vg W), V2, s V) } )
= NAYLoo; 857+ 7 maxu{(Rs(x5) — Vv
+OEWLY | (f (x5,v8,w), V2, )}
=NAYL 8 X5 L (g, v) V2, 0.
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CHAPTERII

Optimal Time Allocation Policy for Entrepreneurial

Process Improvement

1 Introduction

Consider the following vignette (based on a blend of several true stories) of a time-

constrained entrepreneur seeking revenue growth:

Susan runs a small marketing agency that produces advertising materials to sup-
port her clients’ needs. Her current list of services appeals to a small but loyal
client base, from whom she can always generate extra revenue by working harder
and bidding for more orders. Susan wants to grow her firm by offering higher
margin services to a more high-end client base, but doing so would require her
to spend time to learn about these new services and how to market them. At the
same time, she feels that she spends too much of her time fighting fires, such as
customer complaints or urgent questions from employees. She wants to reduce
the frequency of all such disruptions, but that would also require her to spend
time. Unable to do everything at once, Susan feels that there is not enough time
in a day, and that her lack of time is what prevents her from growing her business.

In this paper, we develop a time-management framework for entrepreneurial pro-
cess improvement. We classify an entrepreneur’s daily activities into four categories,
characterized by their impact on the current and future revenue rate and available time

(defined more precisely later): revenue generation (earning money from existing busi-
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ness), revenue enhancement (developing new business, e.g. through product devel-
opment or market research), fire-fighting (dealing with various crises), and process
improvement (reducing the frequency of such crises). We outline a stylized time allo-
cation model and present the optimal policy which prescribes how entrepreneurs like

Susan should prioritize between the four activity categories.

Time management, due to its general appeal, has long been a major theme in the
popular press. In “The Effective Executive,” Drucker (1967) asserts that time is the
most important resource that any executive can manage. Mackenzie (1997) warns that
managers often wrongly associate “being busy” with “being productive,” and identifies
common “time traps” that they should avoid (e.g. uninvited visitors, phone interrup-
tions, unnecessary paperwork or meetings). Covey (1989) classifies activities as a
function of their urgency and importance, and claims that more time should be spent
on activities that are important but not necessarily urgent. The central theme of all
self-help books is that when one recognizes time as a resource and manages it well,

more goals can often be achieved in less time.

While time management is important for all executives, two factors make it particu-
larly relevant for entrepreneurs. First, an entrepreneur’s time is, almost without excep-
tion, the bottleneck resource in their organization (e.g. Evans et al. 2004, Flamholtz
1986, Perlow 1999); this is also confirmed by hundreds of for-profit and social en-
trepreneurs participating in various programs at the major university in which the au-
thors conduct research, as well as by the series of case studies the authors are involved
in. In particular, although cash is sometimes thought of as being the most constrained
resource (e.g. Archibald et al. (2002)), most entrepreneurs agree that, if they had more
time, they could raise more capital from investors or donors, or earn more cash by sell-

ing more services to more customers. From that perspective, how entrepreneurs decide
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to use their scarce time is perhaps the most important resource allocation decision they
make. Second, in contrast to most managers, entrepreneurs have (almost) complete
control over how they use their time. In short, entrepreneurs are more able to manage
their own time than most others, and how they use their time has a more direct effect

on the firm’s performance than is the case in larger firms.

We find that entrepreneurs should first invest time in process improvement until
the process reliability reaches a certain threshold, then in revenue enhancement until
the revenue rate reaches a certain threshold, and only then spend time generating rev-
enue. In particular, entrepreneurs with lower initial revenue rates should invest more
time in process improvement and in revenue enhancement, ultimately earning revenue
at a higher rate than if they were endowed with a higher initial revenue rate. Our
model formally links time with money and introduces a framework for evaluating the

opportunity cost of an entrepreneur’s time.

The rest of the paper is structured as follows. In §2, we review the related literature.
In §3, we discuss the entrepreneurial setting and motivate our modeling assumptions.
In §4, we present the dynamic programming (DP) framework for time allocation. We
characterize the entrepreneur’s optimal time allocation policy and discuss the oppor-
tunity cost of time in §5, and in §6 we extend the model to accommodate stochastic
process deterioration and uncertainty in revenue enhancement and provide numerical
illustrations of the optimal policy. In §7, we highlight the performance difference
between the optimal policy and two commonly employed (well-intentioned) time allo-
cation behaviors within the context of the model, and illustrate why our intuition can

be misleading. We conclude in §8. All proofs appear in the online appendix.
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2 Literature Review

Our work contributes to the operations management (OM) literature on entrepreneurial
operations management and on process improvement, and to the economics literature

on time allocation and on intertemporal decision making.

The challenges faced by entrepreneurs have received relatively little attention from
the operations management community. Sommer and Loch (2004) offers strategic in-
sights for coping with risk and complexity for companies that must adapt and-innovate
in dynamic environments. On a more operational level, Archibald et al. (2002), as-
suming that start-up companies maximize long-term survival probability rather than
profit, compare inventory decisions between an established firm and a start-up firm.
Under a similar assumption, Swinney et al. (2005) examine the effect of competition
on startup’s capacity decisions. Babich and Sobel (2004) link start-up cofnpanies’
operational decisions with financial decisions and examine the optimal timing for an
initial public offering (IPO), whereas Joglekar and Levesque (2009) examine how to
allocate capital between improving product quality and marketing efforts to maximize
firm valuation. In contrast to these studies, which characterize entrepreneurs by their
cash constraint, we consider entrepreneurs’ time as the main bottleneck resource of

entrepreneurial companies, as is the case when they are in their growth phase.

Furthermore, our model presents a framework for process improvement. Fine and
Porteus (1989) study the economics of gradual monetary investments in process im-
provement to save on costs in the future using a Markov decision process m;)del, and
Bernstein and Kok (2009) studies a similar problem in an assembly network setting.
Using similar models, Fine (1988), Li and Rajagopalan (1998) and Dada and Marcel-

lus (1994) study the impact of learning, which reduces the probability of future process
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deterioration, and Gong et al. (1997) study the tradeoff between a permanent fix and
a partial fix. We contribute to the process improvement literature by focusing on in-
vesting time rather than money for improving operations and by considering revenue

enhancement as well as process improvement.

In the economics literature, studies of time allocation abound, usually focusing on
the decision where an agent seeks to optimally balance their time between work and
leisure (e.g. Becker 1965, Baucells and Sarin 2007). In contrast, the time management
decision problem where an agent allocates her time to various work-related tasks to
maximize a work-related objective, has received less attention. Radner and Rothschild
(1975) examine the properties of three intuitive heuristics for allocating effort for a
manager who must simultaneously handle multiple activities. Seshadri and Shapira
(2001) build on this framework by examining the feasibility of achieving a given long-
term goal under various heuristics managers commonly employ. While these models
give insights on how to manage time in order to meet an objective, they assume that
the available time is exogenously given. Our work contributes to the time allocation
literature by explicitly recognizing that the time available in the future can be ipcreased

through process improvement activities today.

The traditional approach to intertemporal trade-offs regarding money is the dis-
counted utility (DU) framework initially proposed by Samuelson (1937). Despite the
inconsistencies inherent in the DU framework as a model for intertemporal decision
making (Fredrick et al. 2002), it nonetheless remains the norm for intertemporal fi-
nancial valuation (Copeland et al. 2005). This is due to the existence of an inter-
est rate, r > 0, set by market forces, which effectively makes one dollar tomorrow
worth ﬁ = 08 dollar today. Many psychologists however have found that people in-

herently perceive time differently from money (e.g. Soman 2001, LeClerc et al. 1995,
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Devoe and Pfeffer 2007, Okada and Hoch 2004), and in particular, Zauberman and
Lynch (2005) show that people discount future time more heavily than future money.
Nonetheless, no formal framework describing intertemporal trade-offs regarding time
exists. We contribute to the discounting literature by presenting one possible normative

framework for how people should discount time.

3 Entrepreneurial Operations

Entrepreneurship! is a vital component of the economy, employing over half of all pri-
vate sector employees, and having generated 64 percent of new jobs annually over the
last 15 years (U.S. Census Bureau 2009). Entrepreneurial activities fuel innovations
in products and services covering a wide range of industries (Shane and Ulrich 2004),
including technology startups, creative marketing, nonprofit organizations, pétroleum
distribution, legal services, and senior care. In this section, we present and discuss
our assumptions, that (i) entrepreneurs proactively create demand, (ii) entrepreneurs
are responsible for all functions within the firm but cannot easily delegate, and (ii1)

entrepreneurs’ daily activities can be classified into four categories.

3.1 Endogenous Demand Creation

Entrepreneurs are often credited as being the agents in society who endogenously cre-
ate demand. For example, Schumpeter (1934) argues that while changes in consumer
demand can sometimes drive innovation, the reverse case where innovation creates

consumer demand is more often true. Hayek (1945) takes the view that economic de-

'We refer to entrepreneurial firms as the small businesses defined by the U.S. Small Business Ad-
ministration (SBA), i.e., independent business having fewer than 500 employees. This paper focuses
more on entrepreneurial, i.e., growth-oriented firms than on established small businesses.
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velopment is due to the “constant small changes” caused by entrepreneurs who use
their “knowledge of particular circumstances of time and place” to arbitrage disjoint
markets. Similarly, Kirzner (1997) asserts that entrepreneurs generate profit opportuni-
ties by discovering earlier errors and argues that “whereas each neoclassical decision-
maker operates in a world of given price and output data, the entrepreneur operates to

change price/output data.”

We mirror the proactive nature of the entrepreneur’s demand generating process
by assuming that entrepreneurs are capable of generating extra demand for existing
products and services or discovering new revenue opportunities when they allocate

time to those activities.

3.2 Lack of Delegation Capacity

Much of an entrepreneur’s activity relies on tacit knowledge, or “sticky ‘informa-
tion” (von Hippel 1994), which makes many entrepreneurial tasks difficult to dele-
gate. Moreover, the organizational structure of an entrepreneurial firm, as opposed to
professionally managed established firms, requires the entrepreneur to be involved in
all functions. Flamholtz (1986) observes that “an entrepreneurial firm has an infor-
mal organizational structure with overlapping and undefined responsibilities ... a CEO
who knows everything that is going on and pays attention to the smallest details . .. [is]

beneficial and necessary for the company.”

Although we recognize the importance team structures have on innovation quality
(Girotra et al. 2009), we will abstract away from the structural level of an organization
and accordingly model the entrepreneur as the sole processor of the firm, unable to

delegate material authorities to others, making her time allocation critical to the firm’s
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Short-term | Long-term
Revenue-focused RG RE
Process-focused FF PI

Table II.1: Activity Classification

profitability.

3.3 Classification of Activities

We formally classify the activities that the entrepreneur can engage in at any point in
time into the following four categories, which are further illustrated in Table II.1 based

on their revenue/process dimension and short-term/long-term impact.

(RG): “Revenue Generation,”

or spending time to earn revenue at the prevailing rate,

(RE): “Revenue Enhancement,”

or investing time to increase the revenue rate,

(FF):  “Fire Fighting,”

or spending time to attend to random urgent disruptions, and

(PI):  “Process Improvement,”

or investing time to increase the process reliability.

Revenue generation refers to short-term activities that generate extra income for
this period but do not permanently improve the revenue stream (rate). Revenue en-
hancement refers to growth activities such as creating new products or businesses to

permanently improve the entrepreneurs’ revenue rate. Fire fighting (Radner and Roth-
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schild 1975) refers to urgent activities that must be attended to immediately but do not
contribute to current or future revenue rate or available time (e.g. short term fixes).
Finally, process improvement (Fine and Porteus 1989) refers to the activities of a pre-
ventive maintenance nature that reduce the need for fire-fighting and hence sa?e time in
the future. In practice, activities do sometimes fall in multiple categories, but treating

this classification as being strict helps to bring out our main insights more strongly.

4 Model

In this section, we introduce the basic model and the DP framework. We then present
the notions of time discounting and return on time invested (ROTI), and discuss our

assumptions.

4.1 Dynamic Programming Framework

We characterize the entrepreneur’s time allocation decision using an infinite horizon
discounted DP model. Each time period represents a short time interval (e.g. one day
or a half day), representing the duration of a typical activity. We assume the length
of an entrepreneurial growth phase to be several months to a few years, under which

approximating the entrepreneur’s time horizon as infinite is a mild assumption.

Our model focuses on entrepreneurial firms in their growth phase, during which
cash is not the key constraint. In particular, our model applies to two classes of en-
trepreneurs. The first class of entrepreneurs are well-funded by donors or investors
who provide them with the capital necessary for growth as well as a constant wage B
each period. The second class of entrepreneurs are those who can access the capital

necessary for growth by leveraging their established track records and reputations (e.g.
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good relationship with local banks, equity sharing agreements with various partners).
These entrepreneurs have an established constant net base profit (after operating costs)
of B > 0 per period (e.g. from standing orders, loyal customers) and in each period,
they spend a fixed (small) portion of time serving this loyal customer base. Thus, our

model discusses how to spend the remaining time for growth.

In each time period, the entrepreneur dedicates her time to a single activity. At
the start of each period, a crisis may erupt, in which case the entrepreneur must ded-
icate the period to fire-fighting (FF). However, if there is no crisis, she méy invest
that period’s time in productive activities such as revenue generation (RG), revenue
enhancement (RE), or process improvement (PI). We let o’ € {FF,RG,RE,PI} denote

the action of allocating time period ¢ to one of these activities.

The state of the entrepreneur in each time period can be described by (i) whether
or not there is a crisis, (ii) the current revenue rate (if she were to generate revenue),
and (iii) the process reliability for future periods. This can be captured by the 3-

dimensional state variable, §* = (C', R, ¢"), described next.

e C' € {0,1} indicates the availability of time in period ¢. If C' = 0, then time
is not available in period ¢ because the entrepreneur must “put out fires” (FF).
If C! = 1, then time is available for the entrepreneur to engage in a productive

activity.

e Re{Ry |0<Ry<...<Rpy <Rpmt1 <...< Ry} refers to the revenue rate
of the entrepreneur in period ¢, if she decides to spend that period generating
revenue (RG). If she spends the time period on revenue enhancement (RE), the
revenue rate would increase from R,, to R,,+1. A higher index denotes a better

state.
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Current State S° | Decision | Immediate Reward | Future State S**! | Probability
(0,Rm, qn) FF B (1,Rm,qn) Gn
(default) (0,Rm,qn) 1 —gn
RG R,+B (1,Rm,qn) an
(0,Rm,qn) 1—gn
(1,Rm, qn) RE B (L, Rm+1,4n) Gn
. (0,Rm+1,9n) 1—gn
PI B (1, R, qn+1) 4n+1
(0,Rm, qn+1) 1— gy

Table I1.2: Transition Function

e ¢ €{qn|0<qo<...<gqn<gnt1 <...<gn < 1} refers to the entrepreneur’s
process reliability in period ¢, i.e. the probability of having to spend period ¢ on
fire-fighting is 1 —¢’. After spending a time period on process improvement (PI),
the process reliability increases from g, to g,+1. Again, a higher index denotes

a better state.

The state transitions are summarized in Table I1.2. In §6, we allow for more complex
transitions such as random process deterioration and uncertain outcome of revenue

enhancement efforts.

‘The entrepreneurs seek to maximize their long term expected profit. We assume
risk neutrality, recognizing that other risk attitudes are natural directions for future
research. We denote J as the discrete monetary discount factor, C(q,) as a Bernoulli
random variable with success probability g, representing the availability of time (no
crisis), and 7 as a non-anticipating time allocation policy. Thus, the objective of the

entrepreneur is to maximize the following expected infinite-horizon discounted value
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of future net revenues:

En[iSH-l{B-I-RH-I(at)CH-l(q’+l(at))}|RO,qO]
t=0

— iBSH-l +En[i8t+1Rt+l(at)ct+1(qt+l(at))|R0’qO] .
t=0 t=0

There exists an optimal time allocation policy * that is stationary (Bertsekas 2000,

Proposition 7.3.1), which can be found by solving the following dynamic program,

V(O,Rm,qn) = 0439V (1,Rm,qn)+ (1 —qn)V(0,Rm,qn), (FF)
V(l,Rm,q,,) = max {O+8qn+lv(lvaaQn+l) +8(1 _‘In+l)V(O,Rm,CIn+1)» (PI)
O+8qnv(1aRm+laQn)+6(1 _Qn)V(OaRm+l,CIn), (RE)

Ry +8gnV (1, Ry, g) +8(1 —q,,)v(o,R,,,,q,,)}. . (RG)
(IL1)

4.2 Discounting Time and Return on Time Invested

We transform the discounted revenue stream with interruptions into an equivalent dis-
counted revenue stream without interruptions by using a transformed discount factor,

{(g), defined next.
Definition II.1 We define the time discount factor {(g) as

dq
Clg) = To8(1—q)

The next lemma illustrates the properties of the time discount factor.

Lemma IL.1 {(q) is concave increasing in q € [0,1], with {(0) = 0 and (‘;(1).= d.
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The lemma shows that future time should be discounted more heavily when the
frequency of interruptions 1 — g is higher. Also note that, consistent with the behavioral
studies which find that people discount future time more heavily than they.discount
future money (Zauberman and Lynch 2005), {(g) < §, Vg. Our first proposition shows
that the 3-dimensional state DP (II.1) can be simplified to an equivalent 2-dimensional

state DP using the time discount factor {(g).

Proposition II.1 The DP expression (I1.1) can be simplified as follows:
V(Rrsn) = max {Cai 1V Rosini )y oV Roni1,n)y Ront LoV (Rmyin) }, (112)

where C, = C(gn)-

From the formulation, we see that process improvement increases the time discount
factor from {,, to {,+1 without altering the revenue rate, whereas revenue enhancement

improves the revenue rate from R, to R,,41 without altering the time-discount factor.

Using this observation, we can quantify the return on time invested into process
improvement or revenue enhancement activities. If the entrepreneur decides to gener-
ate revenue in state (R, g,) and forever after, the discounted sum of revenue is given
by the expression Ry, (1 -+, 42+ ---). If she spends her time today on process im-
provement to increase the process reliability from g, to g,41 and generates revenue
forever after, the discounted sum of revenue is R, (0 + {41 + Cﬁ 41+ ). Finally, if
she invests her time today in revenue enhancement to increase the revenue rate from
R, to R, and generates revenue forever after, the discounted sum of revenue is
Rt 1(04 &, +C%+---). We formalize the notion of return on time invested (ROTI) to
gauge whether or not the time invested in process improvement or revenue enhance-

ment offsets the opportunity cost of not generating revenue.
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Definition I1.2 Suppose the entrepreneur is in state (Ry,,qy).

(i) We define return on time invested in process improvement, ROTIL!, as
ROTIP! = Ru(O+Cor1 +Gi+) G Xrmolhyy e o 1-G,
= = = = =, —.
" Ra(1+G 4G +) oG T 1 =81
(ii) We define return on time invested in revenue enhancement, ROTIﬁlI”;l, as
o0 Rm+l
ROTIRE — Rut1(0+8,+82+---) _ G X0 GRm B R

" Rm(1+cn+C%+"') )::Ozongm " Ry " Rp, '

1-Cx

Hence, a necessary condition for the time invested in PI or RE to be earned back is that

ROTE > 1 or ROTIXE, > 1 respectively.

We next introduce an assumption on the sequence of revenue rates {Rm}.'
Assumption IL.1 The sequence {R,,} is log-concave increasing.

In particular, Assumption II.1 holds when {R,,} is concave increasing or when it
has an s-shape, e.g. that defined by R,+1 = (1+ Oc)BSﬂ(S — R,;) Vm, where the pa-
rameters S > Ry and a € (0, 1) are the shape parameters. In fact, growth-based en-
trepreneurs eventually encounter decreasing marginal return over time when increasing
their revenue rate because of capacity constraints, demand constraints, or competition.
For example, if the new product or service that an entrepreneur offers is not scalable,
the growth in the revenue rate will eventually slow because the capacity constrains the
entrepreneur. If the target market is small, the growth slows as the market becomes
saturated (Cachon and Terwiesch 2009). If the entrepreneur’s new product or service
is highly scalable and targets a large market, her revenue rate may grow initially at an
increasing rate, but will eventually slow as imitators enter the market and compete for

market share (Bass 1969).
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5 Analysis

In this section, we present the optimal policy for the DP (1) and elaborate on its struc-

tural results.

5.1 Optimal Policy

We first describe the necessary conditions for optimality, by characterizing the neces-

sary sequence of time investments in the following lemma.

Lemma I1.2 Suppose the entrepreneur, who is in state (Ry,,q,), wishes to reach state
(Rm+isGn+j). Then doing j process improvements followed by i revenue enhancements

dominates all other policies.

The intuition behind the clear priority for process improvement is that it creates
more time in the future by reducing the fire-fighting frequency, and that that extra time
can be invested into more productive activities allowing the entrepreneur to generate

revenue at a higher rate sooner.

Given this structure of the optimal policy, starting from state (R,,,q,), identifying
the optimal process reliability threshold level g*(Ry,,g,), Where the entrepreneur stops
process‘improvement and starts revenue enhancement, and the optimal revenue rate
threshold level R*(g*), where the entrepreneur stops revenue enhancement and starts
generafing revenue, would suffice to characterize the optimal policy. We define these

threshold levels formally.

Definition I1.3
(i) We define the improve-up-to level of state (R},,, qn) as the process reliability thresh-

old level ¢* (R, qn)-
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(ii) We define the enhance-up-to level of process reliability level q* as the revenue rate

threshold level R*(q*).

We now present our main result.

Theorem I1.1 (Optimal Time Allocation Policy)
For entrepreneurs who are in state (R,,,q,), the optimal allocation of available time

(i.e., when there is no crisis) is the following:

If gn < q" (R, qn),

Do Process Improvement.
Else if R,y < R*(q*),

Do Revenue Enhancement.
Else,

Do Revenue Generation.

The theorem illustrates the entrepreneur’s optimal improvement path for maximizing
the expected discounted revenue. When time is available, entrepreneurs should always
first question whether or not the process reliability needs to be improved, and if so,
focus on process improvement; if not, then question whether or not the revenue rate
needs to be enhanced, and if so, focus on revenue enhancement; if not, only then focus

on generating revenue.

The next proposition describes the properties of these threshold levels.

Proposition I1.2 Under Assumption I1.1,

(i) For any given process reliability level q,, the optimal improve-up-to level g* (R, gn)
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is nonincreasing in Ry,.
(ii) For each improve-up-to level q*, the optimal enhance-up-to level R*(g*) is nonde-

creasing in g* and is independent of initial R,,.

Proposition II.2 states the independence of the enhance-up-to level from the initial
revenue rate R,,, but do not state the independence of the improve-up-to level from the
initial process reliability g,. We will now show that under an additional assumption
on the process reliability {g,} and with an appropriately high discount factor d, the

independence of the improve-up-to levels can be guaranteed.
Assumption IL2 The sequence {q,} is log-concave increasing.

This assumption describes situations in which the entrepreneurs’ efforts to increase
process reliability are met with decreasing marginal returns. This can occur because
improving process reliability from 50% to 55% or from 90% to 91% both require
the same effort of eliminating 10% of random disturbances; and if the entrepreneurs
follow the prescriptions of Pareto analysis, they should address problems from the most
common to the least common. In particular, this assumption holds when the sequence

{qn} increases exponentially, i.e. g, = 1 — xy*", where x,y € (0,1), p > 0, and }* < 6.

Furthermore, because each time period is assumed to be relatively brief (e.g. a day
or a half day), the corresponding monetary discount factor & will usually be close to 1.

The next lemma illustrates the consequence of having a high discount factor.

Lemma IL3 For any integer r € {0,...,M}, 38 < 1 such that {({s41)"ROTI"} is

decreasing inn V8 € (§,1).

The following proposition demonstrates the independence of the threshold g* (R, ¢,)

from the initial process reliability g,, for each revenue rate R,,.
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Figure IL.1: Optimal Decisions. The figure on the left hand side represents the structure
of the optimal policy. The figure on the right hand side compares two different optimal

paths for entrepreneurs starting at different initial revenue rates.

Proposition IL.3 Suppose a given set of {Rn} and {q,} satisfy AssumptionIl.1 and I1.2
respectively, and the discount factor § is such that & > & (Lemma I11.3). Then the

improve-up-to level, g*(Ry,) is independent of the initial process reliability qy.

Consequently, under these assumptions, the optimal policy described in Theo-

rem II.1 can be simplified to prescribing process improvement when g, < g*(Ry,).

A representative optimal policy is displayed in the left hand side of Figure IL.1, in
the two-dimensional state space constructed from a sequence of {R,,} and {g,}. The
arrows pointing up represent process improvement decisions, the arrows pointing right
represent the revenue enhancement decisions; and in states with no outgoing arrow the

entrepreneur generates revenue.
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5.2 Structural Properties

We discuss several properties of the optimal policy. First, all instances of the optimal

policy share the common structure stated next.

Corollary IL.1 For any state (R, qy), if ROTIL! > 1, the optimal policy is to do pro-

cess improvement.

The corollary gives a clear prescription that, as long as the discounted sum of the
future time after process improvement is greater than the discounted sum of current
and future time under the status quo process, improving the process is the optimal
course of action. Note that this holds regardless of the R,,, the ROTIf;l’f;,, or future
sequences {R,, } or {¢,}. Accordingly, one can define the minimum process reliability

level § = min, {q :ROTIF < 1 } below which it is optimal to do process improvement.

We now provide insights into the value of time spent on the long-term oriented
activities. The fact that the optimal policy prescribes process improvement and revenue
enhancement activities before revenue generation suggests that the time invested in the
former activities have greater contribution to the discounted sum of revenue V (R, ¢n)
than does the prevailing revenue rate R,. For example, suppose an entrepreneur in
state (1,Ry,gn) can spend her day making extra sales calls to generate another $100 in
profits. It is then common to conclude that the value of her day is $100. However, this
reasoning is wrong. Suppose she also has an opportunity to spend her day improving
her processes which will save her a “net present time” of 3 days (ROTIZ! =3) in the
future. That means she could make at least the net present value equivalent of 3 days
worth of sales calls, which is worth $300. Thus the value of her day today should
instead be $300.
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By Lemma 2 (see also Lemma I1.5 in Appendix), one can express the optimal value

function V(R,,, q,) in terms of the ROTT’s as follows:

Rm n*—1
1 —C” i=n

V(Rm,qn) = (ROTI}) [‘[ (ROTIFE,)
j=1

where the n* and m* represent the indices for the optimal improve-up-to level ¢* (R, gn)
and optimal enhance-up-to level R*(g*) respectively. The optimal long term value of
being in state (Ry,,qy) is thus the product of the discounted sum of the prevailing rev-
enue rate in the status quo process 1 -t the return on (n* — n) time periods invested
in process improvement [T7- ! (ROTI!), and the return on (m* — m) time periods in-
vested in revenue enhancement H;?‘;;ll(ROTIff ). In other words, V (R, q,) equals
the discounted sum of the prevailing revenue rate T’_i_%— only when ROTI/’ < 1 Vi and
ROTI <1 Vj,k, at which point the optimal policy prescribes the entrepreneur to

generate revenue.

The next corollary shows that the optimal policy may prescribe entrepreneurs to
improve the process reliability beyond the minimum process reliability level g, even

when ROTIRE, > 1.

Corollary IL.2 It is sometimes optimal to do process improvement even when ROTIT <

1 and ROTIEE, > 1.

The corollary states that the optimal policy prescribes process improvement even
when the time invested in process improvement cannot be earned back and the revenue
rate can be enhanced considerably. The intuition is as follows. When the future rev-
enue rate is high compared to the current revenue rate R,,, the cost of investing time in
process improvement in the current period can more easily be recovered by generating

revenue at a higher rate Ry, ¢ > R,, after undergoing T revenue enhancements in the
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future. In addition, if many time periods will be spent on revenue enhancement activ-
ities, improving beyond the minimum process reliability is optimal in order to be less

often interrupted by fire-fighting during the revenue enhancement activities.

The next result shows that it is optimal for a high revenue rate-endowed entrepreneur
to spend less time on process improvement and revenue enhancement relative to a
lower revenue rate-endowed entrepreneur who is operating in the same market, which
causes the latter to sometimes eclipse her high revenue rate counterpart and to earn
revenue at a higher rate in the future. This phenomenon, described formally in Propo-

sition I1.4, is illustrated in the right hand side of Figure II.1.

Proposition I1.4 Given sequences {Ry,} and {q,}, satisfying AssumptionIl.1 and 1.2,
and & > & (Lemma I1.3), suppose there are two entrepreneurs A and B initially with
revenue rates RO, , and R9,,B respectively, with RS, , < R?nB and arbitrary process reli-
abilities qg , and qu. Then, the optimal policy prescribes entrepreneurs A and B to

reach revenue rates R, , and R;B respectively, where R, 4 RLB.

In certain situations, the sequence {g,} may be such that ROTI;! > 1 Vn, leading
the entrepreneur to improve her process to make it as reliable as possible, i.e., g, =
gn, similar to the “quality is free” concept (Crosby 1979). In that special case, the

following one-stage-look-ahead policy is optimal.

Corollary IL.3 For entrepreneurs who are in state (Ry,,qn), suppose that {gy} is such
that ROTIE! > 1 VYn. Then the optimal allocation of available time (when there is no

need for fire-fighting) is the following one-stage-look-ahead decision rule:
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IfROTEE! > 1,

Do Process Improvement.
Else if ROTIFE, > 1,

Do Revenue Enhancement.
Else,

Do Revenue Generation.

Corollary II.3 states that entrepreneurs can sometimes allocate their time optimally by
only looking ahead one stage. In other words, the knowledge of (i) the time discount
factor {(¢) and (ii) ROTI}” and ROTIXE, may be sufficient for allocating their time op-

timally, and the knowledge of the future sequences {g, } and {R,,} may not necessarily

add value.

6 Stochastic Process Deteriorations and Revenue Enhancements

In this section, we generalize the DP model (II.1) to allow for minor perturbations in
the process reliability as well as the uncertainty in the revenue enhancement efforts.
First, processes frequently deteriorate if they are not consciously maintained. We in-
corporate this by assuming that the process reliability can deteriorate from g, to g,—1
Vn > 1 each period with probability 1 —  when the entrepreneur is not engaging in
a process improvement activity (the process in its worst process reliability lével gg is
assumed not to deteriorate further). We assume that this [} is an exogenous variable

which is independent of the state.

Second, despite knowing the sequence of future revenue rates {R,, }, realizing those

higher revenue rates are often uncertain and may require multiple attempts. We model
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this by assuming that the revenue enhancement efforts are successful only with proba-
bility oo < 1. The sequence of stochastic events and the corresponding state transitions
are described in Figure I1.2.

Fire Fighting &: (Rm/Gn)
) 1-
S Ny (Rs-s)

1-8

Process Improvement

(Rm/Qns1)
(RnwllQn)

Revenue
nhancement
1-a

(Rms1,Gn-1)
(Rm/Gn)

(Rrﬁlqr\-l)

if no crisis, (R, Q)

make a decision

Revenue Generation

1-¢ (Rn/Qn-1)

Figure I1.2: Sequence of stochastic events and the corresponding state transitions

With stochastic process deteriorations and uncertain revenue enhancement efforts,

the DP model (II.1) becomes:

V(O,Rmidn) = 0+B 8.V (1, R ) +3(1 =)V (0, Ry ) | + (FF)
+(1=B) [89n-1V (1, R @a-1) + 8(1 = ga-1)V (0, Ry n-1)]
V(L Rygn) = max {04801V (1 Bsuit) + (1~ Gu1)V (0, R, nsr), (B
0+(B[8:V (1, Rns1,0) + 8(1= )V (O,Rms1,4n) |+ (RE)
+(1_B)[SQn—lv(laRm+l,Qn—l)+8(l_Qn—l)V(OaRm+laqn-l)]>a
+(1-0) (I3 [San(l,Rm,qn) +3(1 _Qn)V(O»Rm>‘1n)] +
(1= B)[8an1V (1, R ga1) + 81— g1}V (0, R 1))
R +-B[302V (1, Ry @) +8(1= )V (O,Rm,a) |+ (RO)

+(1 - B) [SQn—lV(l,Rm,Qn-l) + 8(1 - (In—l)V(O,Rm,Qn—l)] }a
‘ (11.3)

The next proposition states the conditions under which the expression (I1.3) can be
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simplified to a 2-dimensional state DP using modified time discount factors.

Proposition IL5 Suppose the entrepreneur is in state (R, qy), and it is optimal to do

process improvement in states (1,Rp,qx) Vk < n and in states (1,Rm+1,9x) Vk < n.

Then, expression (I1.3) can be simplified to:

V(Rm,qn) = {CB,n+1V(RmaQn+l), Cn (0, B)V (Rimt1,9n), Rm+§n(B)V(Rma‘1n)} (I1.4)

dqy,
—8(1-gn)(B+(1-B)Cpn-1)’

Cn(B) = Bgﬁ,n + (1 - B)CB,nCB,n—la Cn(aa B) =

with  Lgo=Co, and

Gn(B)ax
1-C(B)(1—0)

where C57n=1

The new discount factors take into consideration, in addition to the chance of fire-
fighting, the chance of doing process improvement when deterioration in the process
occurs, as well as the failed revenue enhancement efforts. One can easily verify that

all the discount factors monotonically increase and approach §, as o, — 1.

We next define the return on time invested in process improvement in the presence

of stochastic process deterioration.

Definition I1.4 Suppose the entrepreneur is in state (1,Rm,qy,), with deterioration
probability 1 — B, and it is optimal to do process improvement in states (1,Ry,qx)

Vk < n. We define return on time invested in process improvement, ROTI! (B), as

ROTIE!(B) = G 1 gL

1-Cu1(B)

As in the previous section, we assume the same structure of the sequences {R,,}
and {g,} as stated in Assumption IL.1 and I1.2. Additionally, we will assume the

following.

62



Assumption IL.3

The discount factor 8 < 1 is large enough such that {ROTIL' (B)} decreases in n.

In the next section, we will restrict our attention to the sequences of {Rn}, {¢n},
and the discount factor & which satisfy Assumptions II.1-11.3, and characterize the

structural properties of the optimal policy.

6.1 Optimal Policy

We have the following necessary conditions for optimality, which is an extension of

Lemma II.2 to accommodate stochastic transitions.

Lemma IL.4 Suppose the optimal decisions in states (Rm+1,qx) Vk < n and (Rm,qx)
Vk < n are process improvement. Then, an entrepreneur who went from state (Rp,qn)

to state (Ry+1,qn+1) did process improvement in state (Rp,qn)-
The next proposition describes the properties of the resulting optimal policy.

Proposition IL.6 Let = min, {q: ROTI,'(B) < 1}.

(i) For any process reliability level q, < g, the optimal improve-up-to level g*(R,,,qn)
is nonincreasing in Ry,

(ii) For each improve-up-to level q*, the optimal enhance-up-to level R*(q*) is nonde-

creasing in q* and is independent of initial R,,.

For any state (1,Ry,qn), g < g, as the properties of the improve-up-to level and
the enhance-up-to level stipulated in Proposition II.6 remain identical to that stip-
ulated in Proposition II.2, all the corollaries from the previous section, as well as
Proposition 1.4, carry over to the stochastic case. Moreover, the structure of The-

orem II.1 generalizes to the case in which the process is allowed to stochastically
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deteriorate. In particular, if the process stochastically deteriorates while engaging in
revenue enhancement or revenue generation activities, the theorem prescribes that the
entrepreneur should restore the process to the necessary improve-up-to level before
engaging further in those activities. However, if the process reliability level remains
above the improve-up-to level after deterioration, the entrepreneur should not improve
the process, causing the enhance-up-to levels to be altered. Finally, if the revenue en-
hancement effort is unsuccessful, the optimal policy prescribes the entrepreneur to try

again until she reaches the appropriate enhance-up-to level.

In the next section, we numerically illustrate the optimal policy of the general DP

model (II.3) starting from state with process reliability level g, < g.

6.2 Illustration of the Optimal Policy

Suppose that the revenue sequence is increasing in an s-shaped fashion, specifically
Rpt1 = 1‘2ﬁ)—”b( 100 — R,,) and that the process reliability sequence is concave increas-
ing, specifically, g, = 1 — (0.75)". Further suppose that the uncertain revenue en-
hancement parameter o. = 0.5 and that the stochastic process deterioration parameter
B = 0.9. Moreover, we assume a reasonably high discount factor 8 = 0.95. For these

particular sequences, one can easily verify that Assumptions II.1-11.3 hold.

A representative sample path of the optimal policy starting from (R?,¢%) = (2,0.25),
is shown in Figure I1.3. Similar to Figure II.1, Figure II.3 depicts the optimal :1mprove-
ment path in the two dimensional state space. We distinguish three phases: the pro-
cess improvement phase, the revenue enhancement phase, and the revenue generation
phase. The process improvement phase is characterized by process improvements un-

til the process reaches the improve-up-to level associated with the initial revenue rate
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Pracess

Figure II.3: An illustration of the sample path in the state space, and its temporal

dynamics. The sample paths consists of three phases: PI, RE, and RG phases.

q*(R%, q°). Note that the process reliability level may not monotonically increase in the
PI phase due to stochastic deteriorations. During the revenue enhancement phase, the
entrepreneur invests time in revenue enhancement (with uncertain outcome), and the
process may deteriorate at any time. During this phase, the optimal policy prescribes
that the entrepreneur should improve the process as soon as it deteriorates to a pro-
cess reliability below the prevailing improve-up-to level. Observe that with stochastic
process deteriorations, the prevailing improve-up-to level may actually be lower than
the initial improve-up-to level g*(R®,4%) by Proposition IL6(i). After reaching the
enhance-up-to level R = R*(g), the entrepreneur starts the revenue generation phase.
Observe that, by Proposition I1.6(ii), the final revenue rate R can be lower than the ini-
tially targeted revenue rate R*(g*(R®)) due to stochastic process deterioratioﬁ. In that
last phase, the improve-up-to level g*(R) is equal to the minimum process reliability
level g. In other words, without any revenue enhancement opportunities, it does not
pay to engage in process improvement when the time invested in process improvement

cannot be earned back. Thus, the entrepreneur generates revenue at a constant rate,
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Figure I1.4: Temporal evolution of process reliability g,, revenue rate R,,, and the

cumulative revenue.

R (provided there is no crisis) and continues to focus on revenue generation-until the

process deteriorates below g, only after which she improves the process back to 4.

The evolution of the process reliability, revenue rate, and the cumulative revenue is
shown in Figure I1.4. During the process improvement phase, the process reliability is
increased to the appropriate improve-up-to level, which is above the minimum process
reliability level g. In other words, it is optimal to over-improve the process upfront

rather than later to create a safety stock of time.

In both the revenue enhancement and revenue generation phases, the process is
improved as soon as it deteriorates to a level below the prevailing improve-up-to level.
Furthermore, during the revenue enhancement phase, we can observe the uncertainty
in the revenue enhancement efforts as the revenue is not always enhanced immediately,
but only after multiple attempts. Once the entrepreneur reaches the ehhance-up-to level
and enters the revenue generation phase, she starts generating revenue at the higher

revenue rate, which is represented by the increased slope in the cumulative revenue.
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shown in Figure IL.5. Consistent with Proposition II.4, Figure IL5 illustrates that en-

o

Finally, a sample path and the temporal dynamics illustrating Proposition 11.4 are
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Figure II.5: Different sample paths. One with a low revenue rate, one with a high

revenue rate.

trepreneurs who start from a low revenue rate should invest more time in both process
improvement and revenue enhancement than their counterparts who start from a high
revenue rate. This causes the former to start accumulating revenue later but at a faster

rate than the latter.

7 Practical Time Management Behaviors

In this section, within the context of our model, we illustrate why common time man-
agement traps are suboptimal. In particular, we highlight the performance difference
between the optimal policy and two common time management behaviors: “fix-it-

later” and “growth-before-process.”

Fix-it-later. Under the “fix-it-later” policy, an entrepreneur who is in her revenue

generation phase with an improve-up-to level g, will not improve the process imme-
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diately after it deteriorates as prescribed by the optimal policy, but instead decides to
“fix it later” until the process deteriorates to an intolerable level. From that point, she
dedicates her time to process improvement until she reaches the improve-up-to level,
g. Entrepreneurs may employ this heuristic due to procrastination (O’Donoghue and
Rabin 1999), or because they feel that they do not have enough time to divert from

revenue generation to process improvement (Repenning and Sterman 2002). -

We use the parameters 3 = 0.85, 8 = 0.98, and the sequence {q,} defined by
gn = 1—1(0.75)", where g = 0.94, and R,, = 10 Vm to illustrate the dynamics. The
sample paths comparing the optimal policy and the “fix-it-later” policy are shown in

Figure I1.6. The process reliability levels of the two policies are characterized on the

== Fix-it-Later Policy
= ==Optimal Policy

v 0
o~ 05 o o
: .

g &8 8

Cumulative Revenue
g

8

g

=

Figure I1.6: Difference in sample paths: immediate process restoration (optimal pol-

icy) vs. fix it later heuristic.

left hand side, with the heuristic (bottom figure) showing much larger dips in process
reliability than the optimal policy (top figure). In fact, under the fix-it-later policy,
the process reliability evolves in a sawtooth pattern over time. From the cumulative
revenue on the right hand side, we observe that the heuristic is initially slightly more

attractive as it generates more revenue by not diverting time to process improvement.
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However, delaying the process improvement causes the process to deteriorate fur-
ther. Consequently, the entrepreneur must devote significantly more time fire-fighting,
which causes the revenue accumulation to slow, as reflected by the decreasing slope
in the cumulative revenue. Thus, even though the practice of immediate fix (process
improvement) at the expense of revenue generation may seem costly initially, by doing
so, entrepreneurs can earn substantially more in revenue over the long run, resulting

in, for this example, an additional 12% gain in discounted revenue.

Growth-before-process. Under the “growth-before-process” policy, an entrepreneur
who is in her revenue enhancement phase prefers to focus solely on revenue enhance-
ment and to neglect process improvement until the revenue rate is high enough or the
process reliability deteriorates to an intolerable level. This is common to entrepreneurs
as they want to expand and reach a higher revenue rate as soon as possible, or be-
cause revenue enhancement often gives higher return than process improvement (e.g.
ROTIRE > ROTIYY).

We use the parameters o = 0.75, B = 0.9, 8 = 0.95, and the truncated sequence
{gn} defined by g, = 1—(0.75)", n € {1,2,...,6}, and {R,,} defined by Rpni1 =
1.28(100 ~ R,,). Consequently, we have that ROTIZ’(B) > 1, and hence the optimal
improve-up-to level for all R,, is g¢ = 0.82, as in Corollary I1.3. We let (R%,¢%) =
(1,0.82), so that the entrepreneur has finished the PI phase and is entering the RE
phase. Figure I1.7 compares the sample paths of this heuristic with that of the optimal
policy.

We notice from the figure that prioritizing on revenue enhancement rather than
process improvement in the revenue enhancement phase can cause the entrepreneurs

to reach the final revenue rate later than they otherwise would by prioritizing on pro-
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cess improvement. This is because focusing on revenue enhancement and allowing
the process to deteriorate causes increasingly more eruption of crises, limiting the en-
trepreneur’s time to invest in further revenue enhancement activities. Focusing on the
process improvement, on the other hand, limits such time wasted on fire-fighting, and
allows the entrepreneur to spend more time on revenue enhancement (as opposed to
fire-fighting) and to realize her desired revenue rate sooner, resulting in, for this exam-

ple, an additional 16% gain in discounted revenue.
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Figure I1.7: Differences in the sample paths: process-focused (optimal policy) vs.

growth-before-process heuristic

'8 Concluding Remarks

Time is often the most constrained resource for an entrepreneur. In this paper, we
develop a stylized time allocation model and provide clear guiding principles for
time management to help growth-focused entrepreneurs avoid costly time management
blunders. We hope that this work may serve as a building block for future research in

entrepreneurial operations. We now summarize our four major findings.
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First, the optimal policy prescribes entrepreneurs to make process improvement
their top priority, and in particular, to maintain the process reliability at the appropriate
level before engaging in other activities. According to our model, investing in process
improvement creates more time in the future by reducing the time spent on random
interruptions, allowing the entrepreneurs to reach their growth target faster and to gen-

erate more revenue than any other policy.

Second, entrepreneurs should seek to overinvest in process improvement relative to
their long-term reliability target, i.e. create a safety stock of time upfront, when they
foresee many revenue enhancement opportunities. This is because when the future
target revenue rate is high compared to the current revenue rate, the cost of investing
time in process improvement in the current period can more easily be recovered by
generating revenue at a higher rate in the future. Moreover, by doing so, they can be
distracted less often by fire-fighting during the long phase of revenue enhancement

activities.

Third, our model introduces a framework for evaluating the opportunity cost of
time. In particular, the opportunity cost of time should not be equated with the pre-
vailing revenue rate, as is commonly done in practice. Instead, one should consider
the impact her time invested in the process improvement or revenue enhancement ac-
tivities has on her future stream of available time, i.e. the ROTI’s, as such use of time
may bring greater long term value than is indicated by the prevailing revenue rate. The
opportunity cost of time is equal to the prevailing revenue rate only when there is no

opportunity for long term improvement.

Finally, the optimal policy prescribes that an entrepreneur with a high initial rev-
enue rate should invest less time in process improvement and in revenue enhancement

activities compared to an entrepreneur with a low initial revenue rate. In other words,
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for the market leader who is able to generate revenue at a high rate, it is optimal to be
myopic and to harvest the revenue earlier (as improving the process or enhaﬁcing the
revenue stream comes at the expense of reaping large short-term rewards), whereas for
the market follower, it is optimal to invest time in more long term oriented activities.
This prescription sometimes results in the follower overtaking the market leader and

accumulating revenue at a higher rate in the future.

There are many issues that we have not explored here. For instance, the model ig-
nores a dynamic cash constraint. In the presence of a cash constraint, the entrepreneur
would need to generate revenue, even though the process improvement target or the
revenue enhancement target have not been reached. It would be interesting to see if
the dominance of the PI activities over RE activities would remain valid, but we leave
this topic for future research. We could also expand the set of activities of the en-
trepreneurs to include relations with donors, which could increase the entrepreneur’s
capital for a certain time horizon. We could also relax the assumption that the existence
of revenue generation and revenue enhancement opportunities are constant. - Further-
more, the model currently assumes that the time intervals between decision making
epochs are identical and that there is no loss of time associated with switching be-
tween activities, hence ignoring the potential benefits of consolidating time into larger
blocks. The duration of a crisis could also be considered stochastic, although we con-
jecture that the insights would remain the same. Generalization of some of our results

to address such issues, although challenging, would be worthwhile.
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Appendix

Proof of Lemma II.1. First, from the expression, it is clear that {(0) = 0 and {(1) = 4.

By taking the first derivative, we have

o)  (1-3(1-¢))8—&q __ §(1-9)
dq (1-3(1-q))? (1-8(1-9))

Taking the second derivative, we have,

5 >0,V38€(0,1).

) 0, vs,q¢(0,1).

d 5(1—9) 28%(1—8)(1—8(1 —
(( )=‘

1
9q \(1-3(1—¢))? (1-8(1-q))*

Proof of Proposition II.1. Substituting the expression of V (0, R, g,) from expression

(FF) into the expression for V(1,R,,,q,) in equation (IL.1), we get
V{1, R, n) = max {0+ V(0, R, Gni1), 0+ V(0 Rmi1,n), R+ V (0,Rm, ) MILS)

Furthermore, from (FF) in (II.1), we observe the following relationship between

V(0,Rm,qn) and V(1,Rpm,qn):

dqn

V(0,Rm,qn) = T=5(1—q)

V(laerqn) = Cnv(l,RMaqn)'

Substituting this expression into equation (IL.5), we can rewrite them solely in terms

of the non-crisis states, and can drop the redundant “1” from the state variable. |

Proof of Lemma IL.2. We apply the interchange argument (Bertsekas 2000, §4.5) to
show that the optimal policy prescribes j consecutive process improvement followed
by i consecutive revenue enhancements. Suppose the entrepreneur engages in i RE’s
and j PI’s in the arbitrary order (RE, PI, ---, RE, PI, ---, PI, RE) to reach the target

state (Rpm+i,qn+j), Where she starts generating revenue. The expected net present value
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of the resulting revenue generated is:

R
1-8,

By changing the order of any two consecutive activities of (RE, PI) to (PI, RE) at

-ROTIXE -ROTE ... ROTI, ;| -ROTIRE, |\

any point in the sequence, we increase the expected value from ROTIflE,, -ROTIY! =

Cn ]';H Cnt1 1- Ccn to ROTIPI ROTIm ntl ™ Cn+1 1- C +1
by Lemma II.1. | -

Proof of Theorem IL.1. Because the horizon is infinite and the rewards are bounded,
there exists an optimal policy that is stationary (Bertsekas 2000, Proposition 7.3.1).
Furthermore, by Lemma II.2, the optimal policy is to do process improvement as long
as gn < q*(Rm,qn), then do revenue enhancement as long as R,, < R},(¢,), and only

then do revenue generation.

[ |
Lemma ILS Under Assumption 11.1,
R i x
V(Rmyqn) = H Cn+, g e (m) Lt (), (IL6)
7 1— Cn+j* (m,n)
where
o . . . Rm—H
*(m,n) = max<i>0:§, ) >153, (I1.7)
m—+i—
j i*(m,n—}—k)R .
j*(m,n) = max {j >0:]] (Cn+k ~Gnpkot CZ*:_‘Fk 0 e (math) )(}1.8)
k=1 C"n+ C+k 1 m+i*(m,n+k—1)

Proof of Lemma IL.5. Applying the interchange argument in Lemma II.2 to equation

(I1.2), we have

R .
V(Rm,qn - _(gnax HCVH‘] maX {Cn—k}%}- (119)
9" a a a _]
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For any j, note that .
R R, .; v R,
. i m+i m—l—z m—1
max l: ; — = max
i=0,...M—m { ntJ 1— C'H-j } i=0,....M—m { H C'H_j Rm+l’ 1 } 1-—- Cn+j

R .
=  max {i>0:§n+ij+' >1},

i=0,....M—m m+i—1

where the first equality is by the telescoping product, and the second equality is by
Assumption II.1. Thus we have the expression for i*(m,n+ j). Using the i* (tﬁ,n +J),

equation (IL.9) consequently becomes,

SR .
V(RmaQn) ; max H Cn+j n-|(-r;'l7n+])%' (IL.10)
— on+t+j

Note that

J . Ny .

7 l*(man+j) m+l*(m1n+.’)

~ max J: I | Gt G0 —_—
]:0,...,N—n { jI:l Jonty l - Cn.'_]

k " (m,n+k) Ry (m,n+k)
= max lll M1 bt S LG Qi*(m:") Rm+irmn
o i=0,...,.N— k—1 mn+k 1)Rm+1"‘(mn+k 1) . 1—
/ ? k=1 \ ITjZ; Gns Cn-}-k (A e S n
Lok G (';:Hk)R i (mon k) |
n-+ + m-+-i*(m,n
= _max j>0: H §n+k ¢ (;Hk 5 , (IL11)
j=0,..., n+k Cn+k | Ryt i+ (monk—1)

where the first equality is the telescoping product, and the second equality is after

simplification. Thus we have the expression for j*(m,n). [ |

Proof of Proposition IL.2. The proof uses Lemma II.5, which appears in the Ap-
pendix.

(i) To show that the improve-up-to level ¢*(R,;,¢») is nonincreasing in R,,, we will
show that if it is optimal to do process improvement in state (R,,,¢y), it is optimal to
do process improvement in all states (R, qy,), Vk < m. In other words, for all n, using

(I1.2),

V(RmaQn) = Cn+lV(Rm,Qn+l) = V(Rm—laQn) = §n+lV(Rm—1a‘In+l)-
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We prove by contradiction.

(a) Suppose revenue enhancement is the optimal decision in state (Ry—1,49x), i.€.,
V(Rm—1,49n) = CuV(Rmyqn) > Cut1V (Rm—1,9n+1). Then, using (I1.6), this is equivalent

to,

CnCn+1V(RmaQn+l) = CnV(RmaQn) > Cn+lV(Rm—laQn+l) > Cn+l§n+lV(Rm‘aQn+l)

where the last inequality is by equation (I1.2). We have a contradiction since {, < {n41
by Lemma II.1.

(b) Suppose revenue generation is the optimal decision in state (Rn—1,4x), i.€.,
V(Rm—1,qn) = fﬁ—a > Cyt1V(Rm—1,9n+1). Then, by equation (I1.6), we have

R,.—
V(Rm—l,Qn) = I_C >§n+lv( m— la4n+1)
n

(m—1,n) R ) )
= | | G (m—1n+j* (m—1,n)) K(m—1)+i* (m—1,n+j* (m—1,n))
U ”+J =t 1= G jo(m—1,0)

J(

m,n >k 3k R 7% ¥ |
(mon+j* (m,n)) XmA-i* (mnt j* (myn))
> I—[ Cn+j’z;n+j*(m,n) C;_}_’;z*'(lm’jn) i 1= c ) .
j'=1 n+ j*(m,n)
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Dividing both sides by ’ffa, we have

j*(m,n) 1 __C R
1> ] Cn-l—j’I—'# (§n+j*(m,n)m%)

=1 - Cn+j*(m,n)

*(m,n+ j* (m,n)) Rm+i* (m,n+ j*(m,n))
X Cn+j*(m n) R,

Cn Ry,
= H §n+1 1— §n+j* (m,n) m

Cn+_/ (m,n)
i (m:rH'/ (m)n)) R
% . ﬂ.)
kI;[l <C.'n+j (m,n) R 12
C.,n z(m,n+j*(m,n))( Rm+k )
> ) —
H Cn+] I_Cn-f-j (m,n) kI-=Il C’H—j ) Rin—1+x
_ I—I C.. Cn Ci*(m,n+j*(m,n))Rm+i*(m,'l+j*(m,n))
T T o) 1-— §n+j (m,n) et (min) Rm ’

where the second inequality is due to Assumption II.1 and equation (IL.7), i.e.,

R Rm+1

Rm+‘* , )
g’1"}'./‘)‘1("17’1)R_m___l Z Cn+j*(m,n)"ﬁ Z e Z Cn-}-j*(m,n)&_

Ry i (m,n)—1

> 1.

Multiplying both sides by 1—“}%, and using (I1.6) we have

(ot () Rt mt e mm) | _ o _Ru
1 _gn > 1;[ §n+J { n-+ j*(m,n) 1— Cn-f-j*(m,n) } = V(Rm,qn) 21 ¢ Cn’

where the last inequality is by (II.2). This is a contradiction.
(ii) To show that the enhance-up-to level R}, (g,) is nondecreasing in g,, we show that

i*(m,n) defined by (I1.7) is nondecreasing in n. For any k > 0, we have

R .
Fmn+k) = max{iz():cnﬂ*(m,”k)ﬁ > 1}

m-i—

R
> max{i20:§,,+j*(mn)R'z 1>1} *(m,n), (I.12)
i—

since {(q) is increasing by Lemma II.1. Moreover, by Assumption II.1, for any given
process reliability level gy, the largest revenue rate R}, (Rm,gn) = Rp+ for which

C,,R—R'j"—l > 1 is identical independent of the starting revenue rate. |
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Proof of Lemma IL3 We now want to show that 35 such that V& € (§,1),

¢ ROTET > ¢, ,ROTIY (IL.13)
-G
ck+11_§kf—l > (Ck+2>r
1-¢ -
Gt \Ger

Qi1 (1=8(1 —gi41)) Gr+2(1 —8(1 — gr1)) ,
k(181 —qr) ~ (4k+1(1—8(1—qk+2))> (IL14)

For notational simplicity, we define

_ Qi1 (1 —8(1 — gry1)) _ (@21 =31 = gii1))
HHS = ar+2(1—8(1 —qx)) and RHS_<qk+1(1—5(1—Qk+2))> '

First, if = 0 and & = 1, the inequality (I.14) respectively reduces to

r 2
Ghtl <‘1k+2>  and Dict 5 pr o Bl 5 Ger2
qk+2 Gik+1 qk+29k dk dk+1

The first inequality holds because gy is increasing and r is any natural number. The

second inequality is true because {g;} is log-concave increasing (Assumption I1.2).

Thus, we have our result if we show that as 6 increases from O to 1, the LHS

increases and the RHS decreases by taking the first derivatives.

9 ps — —@e2—qk2(1 - g1)8)qks1 (1~ gict 1)
08 (qrs2 — qr2(1 — qi)8)?
(@rt1 — k1 (1 — Grg1)8) iy 2 (1 — i)
(@r+2 = r2(1 — i) 8)?
Ges1qk2{ (1= qu) — (1 —quy1) }
(qr+2 — qra2(1 — q)d)?
Qh+19k+2(q+1 — qk)
(qrs2 — qrr2(1 —q)d)* ~

+
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Similarly,

gy — syt ooVl
r— — qk42(1 — ) 1—
R T
r—1 9k — _—
= r(RHS)! qﬂf]éc;;(z_q:lj(zl _)qk)a)q +1)}
- e S

Thus, 3 8 such that LHS > RHS, i.e., the inequality (II.14) holds, if and only if 8 > §.

|
i*(mk+1)
_ Rysit(m . o
Lemma IL6 The sequence {§k+1 %"— g“*}*(m ke } is decreasing in k when
k+1 Ck ’ Rm+i*(m,k)

8> 8 (see Lemma I1.3).

Proof of Lemma I1.6. By Lemma IL.3, when 6 > S,

¢ (ROTE! > ¢, ,ROTIEL | = ¢ 2T mm gl > ¢ s 2= mm gyt

i* (m,n) i* (m,n)
- C,HT A+2)—i*(m, n)ROTIPI (§Z+l ) > C,H.’; n+2)—i*(m, n)ROTIn_H (En—t—Z)
I n+1
i*(m,n) i*(m,n+2)
& ROTIY! <§”+‘ ) > ROTIZ! | (C"“ ) ,
Cn Cn+l

where the first implication is because i*(m,n+ 1) > i*(m,n) Vn by equation (IL.12),

and the second implication is because {g?;_:l} is decreasing (Lemma II.1), and the

(m,n+2)—i*(m, n)

final equivalence is after dividing both sides by Cn 1

Expanding the expressions using the telescoping product, we have

i*(m,n+ 1)R
Cn+l m+i*(m,n+1)

CS (m,n) Rt (mn)
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Rt . Rm+2 . Rm+i*(m,n+l) . Rm+1*(m n+2)
Cn+1 Rm Z;n+1 R+ Cl’l-}-l Rm+i (mn+1)—1 C +1 Rm-H*(m n+2)—1

C C Rmto | C Rt i* (mnt1)
L Rm an-H ”Rm+z*(mn+l) 1

_ Cn+1 (mm) i*(m,n+1)—i*(m,n) Ry (m,n+1)
T Catt -

> (547

where the second term is due to equation (I1.7), and

Rm+i* (m,n)

i*(m,n+2)
Cnia”  Rutir(mnt2)
i*(m,n+1)
Cnt1 Ruiir(mn1)

Rt . Ryt i* (mnt1) M’f_ﬂ
_ Cn+2 R C’l+2 R,,,+1 Cn+2 Rm+i*(m nt1)-1 Cn+2 Rintit (mn+2)-1
= R

Rt 1 i (matl)
Cn+1 §n+1 R C’" 1R (mn+1)—1

Rurs1 . Rm+,-*(m,,,+1) ol Rt mnt2)
< Cn+2 R C”+2 Rm+1 C”+2 Ripti* (1)1 Cn+2 Rntir mpt2)-1
= Rm . Rm+l*(m n+1) M_-H*ﬂﬂ

C,»H-l R CI’H—I Rm+l Cn—i—l Rm+l*(m nt1)—1 C" +1 Rm+l *(mun+2)—1
c (m,n+2)
_ ( n-+2 )
Cn+1
Thus, we have
r PI
(m+1) *(m, n+2
o R k2
= ROTI il mtit(mntl) S ROTI C"” Bnirtmnt2) :

n+1 n+1
Cn o n)Rm+z*(m n) n_En; " )Rm—H* (m,n+1)

|
Proof of Proposition IL3. Because & > §, then the expression inside the parenthesis

in (IL.8) is decreasing by Lemma II.6. Thus,

gi* (m,n+j)R

Cn—!—] 1 n+j m+i*(m,n+ j)

— (mn+j— 1
C+ C+] 1 m+i*(m,n+j—1)

j*(m,n) = maxq j>0: Cn+] 1 >15,
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and the resulting improve-up-to level will be independent of the initial process relia-

bility level g,. } [

Proof of Proposition II.4. Proposition I1.2(i) shows that for any g,, g*(Rm,qn) is
nonincreasing in R,,. Moreover, under Assumption II.2 and when & > 3, this improve-
up-to level is independent of initial process reliability level g,. Therefore, g* (R?,, A) >
" (Ry)-

Since the enhance-up-to rate R*(g*) is nondecreasing in g*, and is independent
of the initial revenue rate RO, (Proposition I1.2), the entrepreneur with the low initial
revenue rate will always improve at least up to the same level as the entrepreneur with

high initial revenue rate. [

Proof of Corollaries I1.1-11.3. Looking at equation (II.8), if ROTI =Cia1 - CEJ’: - >

1, then j*(m,n) > 1 (Corollary II.1). Nevertheless, even if (i %ﬁ < 1 it may still

(m,k+1)

be sufficient for G411 Cg— g"“},(m,k) mti(mkt) ~ 1 (Corollary I1.2). Furthermore, we
k+1 C.vk Rm+i* (m,k)

1(mk+l

see that if ROTIEY = (1 ﬁ— > 1 Vk, then the expression {41 1— Cck St Rmvitmisr)

k
ket 1 Cl o )Rm+i* (m,k)

1 Vk (Corollary 11.3). ' [ |

Lemma IL.7 Suppose it is optimal to do process improvement in states (1,Rm,qx),
Vk < n. Then, engaging in process improvement in state (1,Rm,qn) results in the

following relationship,

V(I’Rmaqn) = CB,n+1V(1,Rm,(In+1),

8qn+l
1-8(1—gn+1)(B+(1—PB)Cpn)

where Cpnt1 =

Proof of Lemma II.7 We prove by induction.

(Base case) n = 1, and assume it is optimal to do PIin state (1, Ry, qo). With no further
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process deterioration in process reliability go, from expression (II.3) we have.
V(0,Rn,q0) = 0+8q0V(1,Rm,q0)~+ (1 —qo)V(0,Rm,q0)
= GoV(1,Rm,q0),
V(0,Rm,q1) = 0+PBV(1,Rm,q0)+(1—B)CV(1,Rm,q0)
= (B+(1—-B)Co)V(1,Rm,q0)-

Substituting this expression into the expression for V(1,Ry,q0), we have
V(laRm>q0) = 0+ SLIIV(I,Rm,QI) + 8(1 - ‘II)V(O,Rm,CIl)

= 0+3q1V(1,Rm,q1) +8(1 —q1)(B+ (1 —B)Co)V(1,Rm,q0)

5
e (PG ¥ (LR q1)
Cﬁ’lv(l,Rm,QI)-

(Induction step) Now suppose that it is optimal to do PI in states (1,R,qx) Vk <
n—2 and that V(1,Rm,qn-2) = 8 n—1V (1,Rm,qn—1). Then we have,
V(0,Rm,qn) = BV(L,Rm;qn-1)+(1—=B)V(L,Rm,gn2)
(B+(1=B)Cn-1)V(1,Rm,qn-1)-

Substituting this expression into the expression for V (1, R, gn—1), we have .
V(LRn,qn-1) = 0+ 8¢,V (1,Rm,qn) + (1 — )V (0, Ry, qn)

= 0489,V (1,Rm,qn) +8(1 —gn)(B+(1— B)CB,n—l)v(laRaQn—l)

8qn
1—8(1—q,,)([3+(1—[3)§ﬁ,"_l)V(l?R,Qn)
CB,nV(l,R7‘In)-

Proof of Proposition IL.5 The proof of this proposition uses Lemma II.7, which ap-
pears in the Appendix. Suppose we do process improvement in states (R, qx) Vk < n.

Then, from (IL.3), we obtain the following relationships:
V(0,Rm;qn) = BV(L,Rm,qn-1)+(1=B)V(1,Rm,qn-2), Yn>1,
V(O,Rn,q1) = BV(L,Rm,q0)+(1-B)V(0,Rm,q0)
= BV(1,Rm q0)+ (1—B)CoV(1,Rm,q0)-
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Using these equalities, we can rewrite the dynamic program in terms of the non-crisis

states as follows,

V(I,Rmaqn) :max{ 0+8qn+lv(11Rmaqn+l)+8(l_qn-l—l)V(OaRmaqu-l)’

= max{

:max{

= max{

= max{

04+ aV(0,Rmi1,qn) + (1 =)V (0,Rm, qn),
R+ V(0,Rmdn)

8gn+1V(1,Rm, qn+1)

+3(1 = Gus1) (BY (1, Ry @) + (1= BV (1, R, 0n-1)),
a[BV (1, Rpmt1,gn-1) + (1 = B)V(1,Rmi1,9n-2)]+
+(1=0)[BV (1, Ry gn-1) + (1= B)V (1, R, 02,
R +BV (1, R, n1) + (1= BV (1, Ry dn2) |
8¢gn+1V (1, Rm, Gn+1)

+8(1 = gus1) (B+ (1 =B)Gp)V (1, Ry ).
o(B+ (1= B)Gpn )V (1, R 1,dn1)

+(1 = 0)(B+ (1= B)p 1)V (1, Ry 1.

R+ (B+ (1 =B)lgp )V (LR ga-1) |
[8Gn-+1+8(1 — gn+1) X

(B 1+ (1 =B)Cpnt18p.n) IV (1, Rm, Gnt1)s
o(BLg n+ (1= B)Cpalpn 1)V (1, Rins1,d)

(1= 0) (Bl + (1= B)p nlpn 1)V (1R, ),
R+ (BL n+ (1~ B)Cpalpn1)V (1, Rmsdn) |
Canr1V (1, Ry gn+1),

OGa(B)V (1, Ryvs1,dr) + (1 = )Ca(B)V (1, B ).
R+ GBIV (1L, R ) |,

where the third and fourth equality is due to Lemma II.7, and the final equality is
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because

BLgn+ (1—B)Csnlpn—1 =Cn(B), and
8(1 - Qn+l)(BCB,n+l + (1 - B)CB,,,+1CB,”) + Sqn+l = Cﬁ,n+l .

Further simplifying the second expression inside the maximization expression as,

V(L,Rm,qn) = Ca(B)aV(1,Rmt1,qn) +Ca(B)(1 — )V (1, R, gn)
Gn(B)ox

= 1 _C.:n(B)(l _a)v(laRm+l)‘In)>

we have our expression after dropping the redundant “1”,

V(Rm’qn) = max{CB,n+lV(RMaqn+l )a C,,(oz, B)V(Rm+1 9 qn),Rm + C.,n(B)V(Rm, qn)}'

Proof of Lemma IL.4 The proof is based on the DP recursion (I1.4) and is similar to

the proof of Lemma II.2, with appropriate changes in the discount factors. |

Lemma IL8 Suppose that the decisions in states (1,Ry;,qn—1) and (1,Rp11,9n—1) are
RE and RG respectively. Then, denoting K(m,n) = 8¢,V (1,Rm,qn)
+ 8(1 - Qn)V(OaRm, qn)’

K(m+1,n)—K(m,n) > K(m+1,n—1)—K(m,n—1).
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Proof of Lemma I1.8 We have,

Km+1,n—1) = 08gn—1V(L,Rus1,9n-1)+0(1 —gn_1)V(0,Rm+1,9n-1)

= 8gn-1Rm+1+ 0411V (0,Rmy1,qn-1)
+8(1 = gn—1)V (0, Rmt1,4n—-1)

= 8Gn—1Rm+1+V(0,Rpt1,qn-1)

= 0¢n_1Rm+1+OBK(m+1,n—1)+8(1 —B)K(m+1,n—2),

K(m,n—1) = 08gn—1V(1,Rm,qn-1)+0(1 —qn-1)V(0,Rm,qn—1)

= 8gn-10V(0,Rm+1,qn—1) +0qn—1(1 —a)V(0,Ry,qn—1)

+8(1 — gn—1)V (0, Rm,gn—1)

= SQn—laV(OaRm—H’qn—l) + 8(1 - Qn—la)V(OaRm7Qn—l);

K(m+1,n—1)—K(m,n—1)

= 8gn—1Rm+1 +8(1 —gn10)V(0,Rm+1,qn—1) — 6(1 — gn10)V (0, R, gn—1)

= 8gn_1Rmi1+8(1 —gn_10){BK(m+1,n—1)+ (1—B)K(m+1,n—2)}
~3(1 — gu10){BK (m,n — 1) + (1 — B)K (m,n—2)}

= 8¢u_1Rms1 +8(1— g1 B{K(m+1,n—1) —K(m,n—1)}

+8(1 - qa-10)(1— B){K (m+ 1,n—2) = K(m,n —2)}

_ _ Sgn1Rmy 8(1—PB)(1 = gp_10) L )
= T 8(l—g 0B T 1-0p(1—guo) LUmtln=2)=K(mn=2)}
We have that

K(m+1,n—1)—K(m,n—1)
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8qn—lRm~Irl +8(1_B)(1_Qn—la)
1-8B(1 —gn10)  1—3B(1 —gn—100)
8gn—1Rm+1 8gnRm+1
< <
= 1-8(1—-gu_10) ~ 1-8(1—gya)’

{K(m+1,n—2)—K(m,n—2)}

where the first inequality is because the expression is increasing in  since K(m +
1,n—2) > K(m,n—2) and is therefore bounded from above when § = 1; and the

second inequality is because {g;} is increasing in k. Therefore,

(1-08(1—gno)){K(m+1,n—1)—K(m,n—1)} < dgnRm+1
& 11__8%((11—_(1;:2){K(m+l,n—l)——K(m,n—l)}
dqn
S T28B(1 —gor) !

PN {1 - Sl(l__sgzgl__q"]"&‘))‘) } (K(m+1,n—1)—K(m,n—1)} |

- Sn R
<7 _8[_’)(1 _qna) m-+1
SQan'i-l
L —i<
& {K(m+1n=1)=K(mn—1)} < ;—oem=

8(1—PB)(1—gne)
1-8B(1 — gn)
& {Km+1,n—1)—K(mn—1)} <{K(m+1,n)—K(m,n)}.

{K(m+1,n—1)—K(m,n—1)}

Proof of Proposition I1.6 We prove by construction.

(i) For any m < M, suppose that in state (1,R,+1,9%) VYqx < g, it is optimal to do
process improvement up to ¢*(Rp+1) > ¢. Then, starting in state (1,Rpm,qx) Vg < 4,
by Lemma IL.4, it is suboptimal to do revenue enhancement for all process reliability
q < g*(Rm+1)- Thus ¢*(Rm) 2 q" (Rm1).

(ii) Suppose that the optimal decisions in states (1,Ry,q,) and (1,Rp41,9,) are

RE and RG respectively. To show that the enhance-up-to level is nondecreasing in n,
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we will show that RE dominates RG in state (1,Ry;,gn+1). In state (1,Rp,gn), from

expression (I1.3), we have

aV(OaRm+l7Qn)+(1 —a)V(O,Rm,qn) > Rm"‘V(OaRm,qn) (I.15)
R
And V(OaRM-l-l,qn) > 'Em_i_V(O,Rmaqn)

1—a
= V(O,Rm+11‘In) > {Rm+V(O,Rm7Qn)}+TRm7

Furthermore, defining K (m,n) =8¢,V (1,Rm,qn) +06(1 —gn)V (0,Rpm,q,) (Lemma I1.8),

and CE = %, we have

V(O,Rerl,CIn) = 0+B[8¢]nv(laRm+l7‘1n) +8(1 —qn)V(07Rm+laqu)] +
+(1 - B) [SQn—lv(laRm+l>‘In-—l) +8(1 ’_Qn—l)v(O’Rm—i-bCIn—l)]
= 0+B[8:V (1, Rni1,dn) +8(1= )V (0, Rms1,n)]

+(1=B)K(m+1,n—1)
3Bgn
1 _BB(I _qn)

= O (Rt +V(0,Rms1,4n)) +

(1-B)
B3 —qn)

(=B 0
(=B g Tl

in which the final equality is because it is optimal to do RG in state (1,Rm+1,9x) by

V(1,Rmu+1,9n) Km+1,n—1),

assumption. Solving for V(0,Rm+1,9n), we have

¢ 1 1-B
— Rms1+ K
B T BT B3(1—gn)
o 1-B -
__T—$&M+<rqﬁ>ﬂm+hm4) (IL16)

V(O’Rm-i-l,qn) =

(m+1,n—1)

Using a similar logic, we can show that, because RG is not necessarily optimal in

state (1,Rp,qn),

V(O,R > & R 1-B K 1 11.17
(,m’CIn)_l Em+1_—38 (m,n—1). . (L.17)
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Substituting the expressions (II.16) and (II.17) back into the inequality (II.15), we have

B _
E—nng+l+<ll—_é35> K(m+1,n—1)> 1Ijm§5', (I1.18)
+ (%) K(mn—1)+ (-1-;—a> Ry,
& R
< = ERm+1 _I—:E (I1.19)
> (11_“[55) (K(m,n—1)—K(m+1,n—1)}+ (1—;—“) Ry

_Bo_ Ry _En
A I—Bﬁqn(RmH RM) o

> ( Ll > {K(m,n—1)—K(m+1,n—1)}. (I1.20)

1-Bo
We have
et B = Ra) =2 > P Ry — ) - 22
> (Tl_‘—é){mm,n—l)_mmﬂ,n_l)}
> (—11-__—[38){KRE(m,n—l)—K(m+1,n—1)}
> (%){K(m,n)_x(mﬂ,n)}, |

where the first inequality is because {gy} is increasing in , the second due to equation
(I1.20), the third because in KXE (m,n —1) = 8¢,_1VEE(1,Rn,qn_1)
+8(1 — gn—1)VRE(0,Rpm,qn—1) We assume that the decision in state (1,Ry,qn_1) is

RE, which may be suboptimal, and the final inequality is due to Lemma IL.8.

Rolling back, we have that in state (1, R, gn+1), doing RG is dominated by doing
RE followed by doing RG, i.e.

R
VRG(O)Rm-Haqn'H) > —(Ym + V<O,Rm)qn+1)'
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Since doing RG in state (1,R;+1,9n+1) is not necessarily the optimal decision, we
have

R
V(OaRm+1a4n+l) > VRG(O’Rm+1,Qn+1) > Em +V(0>Rnhqn+1)'
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CHAPTER III

The Time-Money Tradeoff in the Entrepreneurial

Production and Hiring

The supply of time is totally inelastic. No matter how high the demand, the
supply will not go up. There is no price for it. Time is totally perishable and
cannot be stored. Yesterday’s time is gone forever, and will never come back.

Time is always in short supply.

— Peter F. Drucker

1 Introduction

Consider an entrepreneurial firm during its growth phase, when the entrepreneur is
the primary decision maker. As the firm expands, an increasing number of tasks (of
varying importance) surfaces which require the entrepreneur’s attention, creating an
overwhelming demand on the entrepreneur’s time (Gifford 1992). Because the supply
of time remains constant, to sustain growth, the entrepreneurs must hire employees and
delegate the low value-adding tasks, to free up time for the high value-adding activities

in return for the wage payments.

Simultaneously however, the entrepreneurs are constantly cash-starved as there

exists an extraordinary need for additional funds to keep up with the pace of growth
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(Hambrick and Crozier 1985), often leaving them resorting to financial bootstrapping
to fund growth (Ebben and Johnson 2006). Thus, whether or not the value of additional
time gained would offset the cost of wage payments is unclear. Furthermore, for firms
without the managerial resources for systematic recruiting efforts (Aldrich and Fiol
1994) or the legitimacy to attract highly qualified employees (Williamson 2000), the
process of hiring entails significant upfront investments of both entrepreneurs’ time

and money and thus may interfere with revenue production and growth (Cook 1999).

What is the relative prices of additional time and additional money? When is it
appropriate for the entrepreneur to seek a new employee? How should the associated
setup time, setup cost, and wage influence the timing of the hiring decision, and how
does the optimal timing affect the shadow values of time and money? While it is clear
that hiring is critical for sustained growth of organizations (e.g. Koch and McGrath
1996), there exist to date few explicit guidelines for the timing of hiring decision faced

by entrepreneurial firms.

In this paper, we present a formalized model of the entrepreneurial production and
outline how the inputs of time and money interact over time. Motivated by the theory
of constraints (Goldratt and Cox 2004), we model the entrepreneur’s production as
a function of time and money, the chief constraints of entrepreneurial firms during
growth (Klaas et al. 2000, Hambrick and Crozier 1985). Specifically, as both time and
money are necessary for generating revenue, we employ the Cobb Douglas function,
representing money and time as complementary resources. Viewing hiring as a tradeoff
between the fungible resources of time and money (e.g. Soman 2001, Devoe and
Pfeffer 2007), we characterize the optimal timing of the hiring decision faced by the

entrepreneurial firms.

We demonstrate that the shadow value of time always becomes greater than the
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shadow value of money, ultimately making time the key bottleneck resource. More-
over, we establish that there exists a unique cash level threshold above which it is
optimal to hire. In fact, we find that the optimal timing of hiring maximizes the post-
hire gap between the shadow values of time and money. Furthermore, we find that the
hiring threshold is nonmonotonic in the setup time associated with hiring, due to the
tradeoff between the need to delay hiring to preserve the growth momentum and the
need to expedite hiring given that the shadow value of time is increasing. By contrast,
the threshold is always increasing in the setup cost, thus highlighting the importance
of differentiating setup cost with setup time. We test the robustness of our model to
our assumptions and present further insights by generalizing the production function
to the constant-elasticity-of-substitution (CES) production function and extending our

results to multiple hiring decisions.

The paper is organized as follows. We review the related literature in the next
section. Section 3 introduces the basic model and characterizes its optimal solutions,
in particular the evolution of the shadow values of time and money during the firm’s
growth. We introduce in §4 the hiring decision of the entrepreneur as a way to trade
off money against time, characterize the optimal hiring policy, and derive the compar-
ative statics with respect to the hiring setup cost and setup time. Section 5 tests the
robustness of our model to our assumptions and presents further insights. We present
our conclusions and directions for future research in §6. All proofs appear in the Ap-

pendix.
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2 Literature Review

In this section, we first examine the research on organizational life-cycle of firms and
motivate time and money as the key constrained inputs to the entrepreneurial produc-
tion function during the growth phase. Then, we review the related literature on hiring

decisions.

2.1 The Entrepreneurial Production Function

We first formalize the growth phase of the entrepreneurial firm in the context of the
organizational life cycle research. We will then review the literature which find en-

trepreneur’s time and money as the key constrained resources during high growth.

2.1.1 Phases in the Organizational Life Cycles.

A myriad of research on organizational life cycles examines the organizational evolu-
tion of firms from their birth to maturity. In particular, Quinn and Cameron (1983), in
a review of nine different life cycle models, notes that most models contain the follow-
ing four stages: (1) entrepreneurial stage (early innovation, niche formation, creativ-
ity); (2) collectivity stage (high cohesion, commitment); (3) formalized and control
stage (stability and institutionalization); and (4) structure elaboration and adaptation
stage (domain expansion and decentralization). While the length of early stage is firm-
dependent, they note that “a consistent pattern of development seem to occur in orga-
nizations over time, and organizational activities and structure in one stage are not the

same as the activities and structure present in another stage.”

In contrast to firms in the first stage, whose primary objective is survival (Steinmetz
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1969), in the second stage, firms are considered to have established a market niche with
their product or service, i.e. have passed the “survival threshold”, and focus on sus-
taining their growth. During this phase, while the entrepreneur maintains direct control
of major activities, informal structures and communication mechanisms develop. The
third stage and fourth stage describes the maturation phases where the firms shed their

entrepreneurial characteristics and transforms into a professional organization.

While most research on entrepreneurial firms focuses on the first stage of the or-
ganizational life-cycle — i.e. discovery of entrepreneurial opportunities, the process of
innovation, decisions to maximize the survival likelihood (e.g. Shane and Venkatara-
man 2000), we focus on entrepreneurial firms in the second stage. In parti;ular, we
focus on the entrepreneurs who seek cash-out opportunities and whose objective is to
maximize the value of the firm prior to sale (e.g. Bygrave and Zacharakis 2010, Babich

and Sobel 2004).

2.1.2 Time and Money as Inputs.

During the growth phase, entrepreneurs are simultaneously limited in both time and
money. The constraints on time during growth is primarily caused by the increasing
demands for the entrepreneur’s attention. Simon (1976, pg. 294) argues that “attention
is the chief bottleneck in organizational activity, and the bottleneck becomes narrower
and narrower as we move to the tops of organizations.” Gifford (1992) argues that
the attention bottleneck is particularly pronounced and sustains throughout the high-
growth phase because the demand for the entrepreneur’s attention increases due to the
tasks endogenously created by the entrepreneur’s allocation of attention to the growth
activities. Nonetheless, during this growth phase, entrepreneurs’ attention sﬁould not

be spared as “a CEO who knows everything that is going on and pays attention to the
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smallest details ... [is] beneficial and necessary for the company” (Flamholtz 1986).
As such, various time allocation models in the entrepreneurial context have been ex-
amined (e.g. Levesque and MacCrimmon 1998, Levesque et al. 2002, Levesque et al.

2005).

Moreover, during the growth phase, in order to keep up with the pace of growth, en-
trepreneurs are constantly cash-starved. While the initial financial capital is fmportant
for survival and achieving high growth (Cooper et al. 1994), there is an ongoing need
for additional cash for new machinery, equipment, talent, etc., to fuel growth under
changing market conditions (Hambrick and Crozier 1985). As a result, entrepreneurs
constantly search for additional funds, either externally or internally via financial boot-
strapping (Ebben and Johnson 2006). As such, the cash limitations has been the basis
for many entrepreneurial operations management models (e.g. Swinney et al. 2005,

Archibald et al. 2002).

In this paper, applying the prescriptions of the theory of constraints (Goldratt and
Cox 2004), we model the entrepreneur’s production as a function of time and money,
the chief constraints of entrepreneurial firms during growth. Although entrepreneurial
production models incorporating labor and capital have been introduced (e.g. Gar-
maise 2008), the study of dynamic evolution of the constraints or the exchange be-
tween the two resources have been ignored. Because time and money are fungible
resources (e.g. Soman 2001, LeClerc et al. 1995, Devoe and Pfeffer 2007, Okada and
Hoch 2004) where time (money) can often be replaced by money (time) during pro-
duction, we employ the Cobb-Douglas production function — with time and money as

the complementary inputs — to examine how to trade off money against time.
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2.2 Hiring Decisions

We review two strands of literature related to the timing of hiring decisions faced
by resource constrained entrepreneurial firms and highlight our contributions. The
first literature provides descriptive insights of human resource management decisions,

whereas the second strand presents prescriptive insights to hiring.

2.2.1 Empirical Research.

For firms operating in complex and dynamic competitive environments, their human
capital is an important source of sustained competitive advantage (Hitt et al. 2001). For
example, Koch and McGrath (1996) empirically show that firms utilizing more sophis-
ticated human resource planning, recruitment, and selection strategies show higher la-
bor productivity, whereas Kor (2003) reports that diversity of managerial experiences
in the top management team allows firms to better seize new growth opportunities.
The human resources management capability becomes particularly important for small
firms during rapid growth phases (Thakur 1998), as there exist significant recruiting
and training needs as job demands expand continually (Kotter and Sathe 1978), and

because they must make productive use of their limited resources (Siegel et al. 1993).

The process of hiring, however, presents a significant challenge for growth-oriented
firms constrained in time and money (Tansky and Heneman 2006, Klaas et al. 2000).
For example, there is an extraordinary need for additional funds to keep up with the
pace of growth, even when the firm is profitable (Hambrick and Crozier 1985), and
the time consuming nature of many complex human resources (HR) activities interfere
with managerial responsibilities that are directly related to revenue production (Cook

1999). The resource drain associated with hiring often arises when the firms lack
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the legitimacy to recruit the skills they need (Williamson 2000), or when fofmal HR

systems do not exist (Aldrich and Fiol 1994).

When hiring takes place, tasks are often created after new employees are hired
rather than employees being hired to perform specific tasks, due to the lack of es-
tablished departmental boundaries or standardized tasks or roles (Flamholtz 1986). In
such opportunistic hiring scenarios, unlike the task-oriented hiring scenarios where the
employee’s specific skills are sought after, the organizational fit of the employee be-
comes critical (Levesque 2005). Accordingly, it is found that the top manager’s social
networks replaces the core HR functions associated with hiring (Collins and Ciarck

2003).

In contrast to these empirical descriptions of the hiring decisions faced by en-
trepreneurial firms, we develop a formal model of hiring for entrepreneurial firms and

characterize the optimal timing of the hiring decisions.

2.2.2 Prescriptive Research.

Although staffing has been widely studied in the operations management literature, it
has been mostly studied in the context of established firms with existing demands and

sufficient resources.

Optimal hiring policies have been derived to cope with intra or inter-day varia-
tions, respectively using queuing or mathematical programming approaches. Using
a queuing model, Bassamboo et al. (2006) propose call center staffing policies that
minimize the sum of personnel costs and abandonment penalties, while Pinker and
Shumsky (2000) and Gans and Zhou (2002) refine the queuing model to account for

specialization and learning.
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In contrast to queuing models, which consider a stationary but stochastic environ-
ment to study intra-day variations, mathematical programming approaches typically
consider a nonstationary, but deterministic environment to study inter-day variations.
In particular, Holt et al. (1960) examine in their seminal paper, the workforce levels
to minimize the long-run costs of overtime/idle time, and hiring/layoff costs. Pro-
duction smoothing models have evolved to derive the optimal hiring and promotion
policies by considering differences in productivity between experienced workers and
new hires (Orrbeck et al. 1968), learning curves (Ebert 1976), organizatioﬁal age of
workers and their effectiveness (Gaimon and Thompson 1984), and stochastic em-
ployee turnovers (e.g. Bordoloi and Matsuo 2002). Under similar settings, Aksin
(2007) develops a modeling framework to assesses the marginal value of a human as-
set. However, whereas in these studies the demand is typically considered exogenous,
we consider an endogenous demand (through the Cobb-Douglas production function),

as entrepreneurs often create their own demand (Schumpeter 1934).

3 Basic Model

In this section, we introduce the assumptions, present the model, and discuss the opti-

mal solution.

3.1 Assumptions

We consider a dynamic model where the entrepreneurial firm accumulates revenue
over time. We assume that entrepreneurs endogenously create demand for their prod-
uct or services (Schumpeter 1934), and thus characterize the firm’s revenue in each

period ¢ as a function of the entrepreneur’s time investment (7;) and money investment
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(M;), which represent the two most constrained resources of an entrepreneurial firm
(Tansky and Heneman 2006). Moreover, we require that both time and money are re-
quired to produce revenue (i.e. complementary), and we assume constant elasticity of

substitution between the two resources.

Our model focuses on the entrepreneurial firms belonging to the second stage in the
organization life cycle model (according to summary model by Quinn and Cameron
1983), where the firm is considered to have established a market niche with their
new product or service, and therefore have passed the “survival threshold” (Steinmetz
1969). This phase characterizes the phase where the main objective is to capitalize on
the growth opportunities and to maximize the value of the firm prior to sale. Therefore,
we assume that a lack of cash would constrain the rate of growth but would not make

the firm at the risk of bankruptcy.

Moreover, during this phase, informal structures and communication mechanisms
develop and the entrepreneur’s focus shifts from the intra-day variations to inter-day
growth trajectories (McCarthy et al. 1990). Accordingly, we consider each time period
to be long enough (e.g. month) such that the temporal aggregation marginalizes the
day-to-day variability in revenue, and assume that the firm’s revenue each period is
deterministic, similar to the production smoothing models (Holt et al. 1960). In par-
ticular, we employ the Cobb-Douglas (C-D) production function (we generalize to the
CES production function of Solow (1956) in §5.1) to model the revenue R; and profit

I1; earned in each period ¢ as follows:
R(M,,T,) = KM®TP,  TI(M,,T;) = KM*TP — M,.

The coefficient K represents the entrepreneur’s productivity (or entrepreneur’s indi-

vidual talent) inherent to the firm. The parameters & and f represent the revenue’s
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sensitivity on money and time investments respectively, and can be also interpreted as
the inherent characteristics of the industry the entrepreneurs operate in (e.g. Arrow
et al. 1961). We assume these parameters do not change over time. Furthermore, we

impose the following assumption on the parameters.
Assumption IIL1 (i) K is s.t. {M|KMOTB > M} #0, (i)a<]1.

The first assumption assures that the parameter K is large enough that investing money
in the business is profitable; the second assumption states that the money invest-
ment will see a decreasing marginal return on the revenue. Note that despite As-
sumption III.1(ii), the firm’s returns-to-scale can be decreasing (o.+ 3 < 1), constant

(4B = 1), or increasing (ot + > 1).

3.2 Model

In the beginning of each period ¢, the state of the firm is characterized by the available
money /; and the available time J;. The initial constraint on money I represents the
seed capital raised to start the business (i.e. from credit cards, personal savings, friends
and family, or angel investors). Because time cannot be inventoried, the available time
each period is assumed to remain constant, i.e. J; = J V¢. The money not invested into
the firm in period ¢ is available in period z + 1 after earning an interest of r > 0, whereas
the time not invested in period ¢ will not carry over to period ¢ + 1. As a function of

the interest rate, we express the discount factor as 8 = T}r—r < 1.

We note the flexibility & provides in the interpretation and modeling. First, the 1 —6
can be interpreted as the probability that firm goes bankrupt in the next period, i.e. a
low & implies a high risk business. This is similar to the risk-adjusted net-present-value

(or INPV) framework used in finance to value risky future cash flows. Secondly, the

104



discount factor d allows for the growth rate of the discounted cash position to slow over

time, characterizing the decreasing growth rate of firms in practice (Penrose 1959).

The money inventory dynamics is as follows. Suppose the entrepreneur invests
money M, < I; and time 7; < J in period ¢. Then the money invested into the business
will become KM?I}B in period ¢ 4 1, while the uninvested money I, — M; will gain

interest to become (14 r)(l; — M,) in period ¢ + 1. Thus we have:

Lt = (1+7)(I, — M,) + KM2TP.

We assume the entrepreneur’s objective is to maximize the value of the firm when
they offer for sale (Bygrave and Zacharakis 2010) or IPO (Babich and Sobel 2004).
We model this by the entrepreneur’s discounted cash position in period N, i.e, 8V~ 11y.

Thus, we have the following model:

maxyuy, 7} SN_IIN(M(),...,MN_I;T(),...,TN_l)
S.t. M <L, T,<U, t=0
(IIL1)
L1 = (L+7)(I, — M) +KMOTP,  1=0,...,N—1,
0

Mt ) 7; Z 0, =
After recursively rearranging the terms, we have

t
I = (1+9% o+ Y (14+0)* (SKM,?TkB —Mk)
k=0

t
= (1 —}-r)H-lIo—i- Z (1 +r)’_ka(Mk,Tk).
k=0

After substituting the above expression in the constraint and in the objective, we can
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convert (I11.1) to:

N—1

3 81T, (M, . T, 111.2
T 2% (M, T) 2

t—1

st M < (1+r)Io+ Y (1+7) M LMy, Tr), t=0,...,N—1(IL3)
k=0

T, < Jp, t=0,...,N—1,1IL4)

M,,T, >0, t=0,...,N—1. (IIL5)

In other words, the objective of maximizing the final period’s discounted ash position
can be equivalently thought of as maximizing the discounted sum of profits. Since
I, (M,, T;) <II,(M;,J) < o, the objective SV—11y converges to a finite value as N — oo

(Bertsekas 2000), making the model extendable to an infinite horizon.

3.3 Optimal Solution

In this section, we analyze the optimal investment M; and 7;* for each ¢, and show
the evolution of the shadow values of money and time, y and t; associated with
constraints (II1.3) and (II1.4), revealing a bottleneck shift over time. The following

proposition presents the optimal investments and their respective shadow values.

Proposition IIL.1 The optimal investment of money and time each period, M and T,*

respectively, and their respective shadow values y} and T} are given by the following

expressions:
b

M} = min {1,, (aaKJB) e } , T =1,

e ( 1 ocK(M;;)“(T,:)B) (OLK(M?‘)“(Y}*)B_l)

1 * * b
k=t+1 Mk Ml

eos (1T aK(M;)j(Tk*ﬂ*) (BK(M,*)j(Y}*)B)
k=t+1 Mk Tt
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Following the optimal policy, during the periods ¢ for which [, < (80cKJ B) r_l'a’ the
per-period profit I, is increasing in ¢, and the cash position grows at an increasing rate.
When I, > (SOLKJB) ﬁ, M} = (SOCKJB) 1_1_a, and the per-period profit I, remains
constant at K (M,*)"‘JI3 — M}, thus resulting in the cash position to grow at a constant
rate each period.

The term [T}, M;’}%T-"ﬁ, which appears in both g and 7; denotes the com-
pounding effect, as it describes the influence in the future revenues‘ from periods ¢ + 1
to N. Because MA};(—W > 1, this term is increasing in the remaining periods-to-go
(N —1). On the other hand, the coefficients M‘—Wﬁ —1 and %MT??(—T‘*)B respec-
tively denote the current effect, or the immediate impact of additional money and time

on the current period profit.

The following lemma formalizes the time period in which it is optimal to invest all

the earned revenue back into the business.

Lemma IIL.1 Let Iy be the initial seed capital, and let

log () 1
os (457) | s

N* = |log

Then, it is optimal to invest the entire revenue back (i.e. M} = 1) into the business if

and only if t < N*.

We will refer to the period {r:¢ < N*} as the bootstrapping phase, as it is com-
monly known in practice (Ebben and Johnson 2006). Note that the length of the boot-
strapping phase decreases in Iy, and increases in @, f, 8, K, and J. In particular, as

o — 1, N* — oo. In other words, the bootstrapping phase, during which additional
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money can increase the growth rate, can be arbitrarily long. This is consistent with the

common belief that cash is the most constrained resource.

The next corollary formalizes the meaning of the shadow values {y;} and {7} }.

Corollary I11.1

9 [Nzl 9 [N=! '
‘u;k = _aTI Z atnt(MtaT;) ) T;k = a_Jt SIHI(MUT;) :

t=0 t=0

In other words, the shadow values {; } and {7} } respectively denote the incremen-
tal increase in the objective function 8¥ 'y (Mo, ..., M;,... .Mn_1:Ty,..., T;,..., Tn_1)
when the constraint placed on the available money /; and the constraint place on the
available time J; are incrementally relaxed. In other words, if M; < I, +u, T, < J +v,

for small u, v,

IN(MO,"',Mt’f'u,"',MN—IQTO,"',Y;+V>"'7TN—1)

= IN(MOa e 7MN—1;TO) T 7TN—1) +,U;ku+T:(V.
We illustrate the properties of the shadow values y and T} next.

Theorem II1.1

i) The shadow value of money u is nonincreasing in t for any 8 < 1.

ii) For t < N* — 1, the shadow value on time T} is exponentially increasing in t; and
fort > N*, the shadow value of time T} is exponentially decreasing in t.

iii) For t < N* — 1, the difference between the shadow value of time and the shadow

value of money, T; — uj, is increasing in t. Moreover, for t > N*, T} > uj.
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The theorem states that money becomes a less valuable resource during the boot-
strapping phase whereas time becomes a more valuable resource. In particular, The-
orem III.1 becomes more pronounced as 6 — 1, where (i) 1 is decreasing for t < N*
and y* = 0 fort > N*, (ii) 1, is exponentially increasing for t < N*, and t, = Ty« for all
t > N*, and (iii) T; — 4 is increasing in . An example of the evolution of the shadow

values is illustrated in Figure III.1.

This dynamic evolution of the shadow prices is due to two factors: the physical
difference between time and money, and their complementary nature in the production
function. First, because the revenue earned in period ¢ can be reinvested into the firm as
money in period 7 + 1, the available money each period increases, whereas the available
time, which cannot be stored, remains constant each period. Therefore, time becomes
relatively more scarce than money in subsequent periods. Secondly, because both time
and money are required to generate revenue (complementary resources), the relative
value of time is greater when there is more available money to invest. Therefore the

value of additional time increases as the supply of money increases.

Shadow Values ($)

6
Time (t)

Figure III.1: Example of shadow values. (o =0.9,§ =0.3,K = 1.1,1; =3,J =20,
6 =0.95)
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Figure III.1 illustrates that in the early phases of growth, the main bottleneck re-
source of entrepreneurial firms is cash, consistent with the findings that early financial
investments matter in achieving high growth (Cooper et al. 1994) and supports the as-
sumptions of earlier studies on entrepreneurial operations (e.g. Archibald et al. 2002,
Swinney et al. 2005). However, after establishing a healthy revenue stream, the main
bottleneck resource becomes time. The next corollary gives insights to when the main

bottleneck resource switches from money to time.

Corollary IIL2 t* > u* if and only if I > I, where I is the unique cash position satis-

1-B\ _
Bl + (JT) '~ =oJ.

fying the expression

We note that if the initial seed capital Iy is large enough (i.e. Iy > I), the main
bottleneck resource will always be time. Moreover, using the implicit function the-
orem, we observe that the bottleneck shift occurs later if K increases (% > 0), and
earlier if J increases (3—5~ > 0) when the time investment has decreasing marginal return
on the revenue (B < 1); however, monotonicity is not necessarily guaranteed for other
parameters (We have % >0 B <akl® 1B 41; %1; >0« I>1;and g—é <0&
KI%/B > JInJ). We test the robustness of our results to the functional form of the

production function in §5.1.

4 Hiring Decision

The previous section showed that the value of additional time eventually becomes

greater than the value of addition money, creating a fundamental gap. In this section,

110



we investigate how to lower this disparity by exchanging money against time. Specifi-
cally, when the key constraint is time, the entrepreneur can create more time by hiring,
thus relieving the bottleneck constraint and increasing profits. We characterize when
the entrepreneur should hire their first employee and study the sensitivity of this opti-
mal decision to the hiring setup time and setup cost. We assume that the entrepreneur

can hire only one employee, but relax this assumption in §5.2.

4.1 Hiring Decision Framework

For each subsequent period (e.g. month) after hiring, the entrepreneur gains additional
time in return for paying a wage to the employee. In particular, due to the difference in
the efficiency between the entrepreneur and the employee in completing tasks, the ad-
ditional time the employee provides is worth only as much as the time the entrepreneur
would have needed to spend. Thus, we refer to the time spent by the employee in terms
of that converted into equivalent entrepreneur’s time units. We denote the wége (vari-

able cost) as w, and the additional time in the entrepreneur’s time units as y.

For entrepreneurial firms, moreover, hiring is a complex and time-consuming task
which can pose a significant drain on the existing resources (Klaas et al. 2000), and
interfere with managerial responsibilities that are directly related to revenue production
(Cook 1999). For example, carefully screening applications and assessing the fit and
values of candidates and training them require significant upfront investment in time,
whereas significant upfront cost is incurred to advertise the position (or hire a head
hunter), accommodate additional office space, computers, and other infrastructures.
We denote the associated setup cost as Sy > 0, and the associated setup time as St >
0. The firm incurs setup cost and setup time only during the hiring period, and the

exchange between time and money comes into effect each period only after the hiring
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period.

Let the available money and available time in the beginning of period s be denoted
I; and J; = J respectively, and suppose the entrepreneur decides to hire in period s.
Then, due to the setup cost and setup time incurred, the available money and available
time to invest in revenue generating activity will decrease from I to I; — Sy and from
J to J — St respectively. Therefore, the revenue earned in period s when hiring takes
place is no greater than the revenue earned if hiring did not take place. In the subse-
quent periods ¢ following the hiring period (i.e. ¢t € {s+1,...,N}), the entrepreneur’s
available time increases from J to J +y, and before each period ends, the entfepreneur
pays the employee a constant wage of w, reducing the available capital in the beginning

of period ¢ + 1 from ;| to [, —w.

The following corollary modifies the optimal allocations {7;*} and {M;} and the
resulting shadow values {t} } and {y; } of Proposition III.1, to accommodate the hiring

in period s.

Corollary IIL3

min{/,,My}, t<s, J, t<s,

M = rnin{Is—SM,Mg}, t=s, > I = J—=8t, t=s

min{l;, My}, t>s. J+y, t>s.
=y [ ] KM (aK(M;WT,*)B_l v
t k=t+1 M; My
vos (] aK(Mz>a<Tk*>ﬁ> (BK(M,*)“(T,*)B "
' k=t+1 M/f I

where,

1
T=a

1

M= (3akP) ™%, M= (SaK(J—ST)ﬁ)il_“

. M= (aaK(J + y)B>
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Suppose hiring takes place. Then, the firm goes through three consecutive phases:
(1) production without an employee, (ii) production during the hiring period, and (ii1)
production with the employee. Starting with an initial cash position /, the optimal
cash positions at the beginning of the next period when following the prescriptions of

Corollary II1.3 are denoted as f(I), g(I), and h(I), following the sequence f — g — h:

SK1%J8 if 1<M;

1<s: f) = (I1L.6)
I+ S(KM}‘J[3 — My) otherwise,
8K (I —Sp)*(J — Sr)B if I—-Sy<M

t=s: g(l) = (= 8m)"(J = 5r) M= Tt
1-—SM+8(KM§‘(J—-ST)B —M,) otherwise,
SKI*(J +y)P —w if I1<M

t>s: () = U+) ")
1+8(KMH(J +y)P — M), —w) otherwise.

The functions f, g, h are continuously differentiable with respect to I because their
derivative with respect to I at M s, M, and M}, are 1. Note that for any hiring decision,
the available cash 7 will change in each period according to the sequence f — g — h.
Using these functional forms to represent revenue earned, we next examine when the

entrepreneurs should hire their first employee, and the impact on the shadow ‘values.

In order to model the resource drain of hiring, we assume that the combination
of setup cost and setup time is sufficiently high such that the profit earned during the

hiring period is nonpositive, formally addressed next.
Assumption IIL2 (S7,Sy) € {(Sr,Sm)|Sm > KMX(J — S7)P — M}

We note that while the Assumption III.2 characterizes a sufficient condition that sim-

plifies our analysis, it is not a necessary condition for the results of our paper.
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4.2 Optimal Timing of Hiring

When is the optimal time s* in which to hire the employee? If the entrepreneur hires too
early, the resource drain caused by hiring may curb the necessary growth momentum
the firm needs to maximize the objective 8V1y. On the other hand, the entrepreneur
should not hire too late when her time is valuable and when the benefit of time gained
from hiring cannot be offset the time and money invested for hiring. An example

illustrating the cash position over time as a result of the hiring decisions is shown in

Figure I11.2.
4000 .
3500 [geOptimal Hiring (s*=7) 4
=+ No Hiring
N 3000 - Early Hiring (s* = 5) V
‘—g 2500 foF
= v
8 2000;
% 1500 K
1000 v
500 v
vV
2 ) ; 8 12 14
time (1)

Sudern Vereion of HATLAS

Figure II1.2: Illustration of cash position dynamics as a result of hiring, with parame-

ters K =1.1,J =20,a0=.9, = .3,6 = .95,Sy = 400,57t = 15,y = 10,w = 30.

In order to formally characterize the associated tradeoffs in hiring, and to gain
insights into the optimal hiring period s* and how it is influenced by the hiring pa-
rameters (Sy, ST, w, y), we formulate the following dynamic program representing an
optimal stopping time problem. We point out that a firm with 1 employee eventually
overtakes the firm with no employees as long as the period left N —¢ is large enough,
characterizing the necessity for hiring. Thus, in order to focus on the timing decision,

we will assume that the remaining period is large enough so that the break-even point
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is always reached after hiring.

Let k denote the period-to-go, and the two dimensional variable (H,I) denote the
state in each period, where H € {0,1} denote whether or not an employee has been

hired, and / represents the available cash. For k =1,...,N, we thus have:

Ve(0,1) = max{8Vi_1(0,f(1)), Vici(L,g())},  Vo(0,1) =1, (IILY)

Ve(1,I) = 81 (1,R(1)), Vo(1,1) = I.(IIL.10)

Because there is no further hiring decision to be made once an employee has been
hired, the key decision is to determine when Vi_; (0, f(I)) < Vk—1(1,g(I)). For this,
we use the interchange argument in the sequence of functions f — -+ — f — g —
h — ... — h to determine where the function g should be in the sequence. We next

present two lemmas which are necessary for applying the interchange argument.
Lemma IIL2 Vi (1,1) is increasing in I, V k.

Lemma IIL.3 Suppose Assumption I11.2 holds. Then, g(f(I)) —h(g(1)) is strictly de-

creasing and continuously differentiable in I.

Again, we note that Assumption III.2 is not a necessary condition for Lemma II1.3.

For example, the condition St = Sy = 0 would satisfy Lemma III.3.

We now state the following theorem, which characterizes the optimal hiring deci-

sion.

Theorem IIL.2 Let I* be the unique threshold capital for which g(f(I*)) = h(g(I*)).
Then
Vi-1(0, f(1)) < Vi1(L,8(1)) ifandonlyif 1>1I".
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The Theorem characterizes the threshold structure of the optimal policy, namely
that it is optimal to hire if and only if the available cash I is above a threshold I* (i.e.

I > I"). The following corollary follows from Theorem III.2 directly.

Corollary I11.4

(i) Without setup cost or setup time, i.e. if ST = Sy = 0, it is optimal to hire if and only
ifh(1) > £ (D).

(i) If g(f(M¢)) < h(g(My)), then it is optimal to hire during the bootstrapping phase,

ie. s* < N*

The first part of Corollary II1.4 shows that concerning the hiring of employees with
no significant setup cost or setup time (i.e. commodity labor), the optimal time to hire
is when the revenue earned in the current period is higher with the help than without
the help. That is, a one-step look ahead policy is optimal in this case. The second part
establishes a sufficient condition under which the optimal period to hire is during the

bootstrapping phase (i.e. when g > 0).

Hiring, which trades off time and money, need not necessarily occur when time is
more valuable than money. For example, take Sy = St = O for simplicity and consider
the tradeoff between y and w. By Corollary ITL.4(i), we have that I* is when h(I) = f(I),

or

f(I*):h(I*) o K(]*)aJB:K(I*)a(J+y)B—W s M= <K{(J+;V)B-—JB}>6

Thus, as w — 0 or y — oo, I* can be made arbitrarily small, i.e. small enough such that

akJ®  BK(I*)*
(I*)l—oc_ J1-B

>1, & uy' >t

Hence, it may be optimal to hire even if money is more valuable than time. In other

words, if additional time can be earned with minimal setup time and setup and variable
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costs (e.g. via process improvement), the prevailing shadow values is not relevant to

the timing decision.

Under less extreme values of w and y, hiring takes place when additional time is
more valuable than additional money. In general, the gap between the shadow values of
time and money shadow values decreases after hiring as a result of trading off of money
against time. How does hiring in the optimal period s* influence the shadow values of
money and time? The next proposition shows the implication to the difference between

the shadow values of time and money after hiring.

Proposition II1.2 Let T}, i denote the shadow prices of time and money respectively
in period t if the entrepreneur hires in period s. Let s* be the optimal hiring period.

Then, for any s # s*, T > and 1§ < i for all t > max{s*,s}.

The proposition states a somewhat counter-intuitive result, namely that when hir-
ing is made at the optimal time, the difference between the shadow values 'c* —u*is
maximized in every subsequent period. That is, given that hiring takes place at some
point, the optimal timing of the hiring decision is such that the bottleneck nature of
time, relative to money, is the strongest. The intuition is the following. As a result
of optimal hiring, more money is accumulated during the growth phase than-hiring in
any other period, and the terminal value of the firm is maximized. Consequently, the
shadow value of money is lower under the optimal hiring decision as there is more
money available, and with access to more money, the shadow price of time becomes

in contrast more valuable.

Gifford (1992) discusses the role that entrepreneur’s limited attention plays in the
evolving organizational structure. In particular, she argues that as the entrepreneurs

free up more time by delegating current operations to managers, they can focus more
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attention on growth related product innovations to grow the firm. As a result how-
ever, the newly created demand for the entrepreneur’s attention may be overwhelming,
which makes them delegate further entrepreneurial responsibilities. While Proposi-
tion III.2 does not address whether or not the entrepreneurs should hire, given that the
hiring is necessary it shows that the optimal timing of hiring is when the entrepreneur
would feel the most overwhelmed by the newly created demand for the entrepreneur’s
time. An example comparing the shadow values for optimal timing and suboptimal

timing is shown in Figure II1.3.

18 - v . . . 1.8
160 -3 1 e["‘
-~ T 8k
Ea A o=, {optimal hiring) = - p‘7 (optimal hiring)
S 1401 15 (early hiring) T=14b s
@ i 0 B > - (early hiring)
& 120 ~Aet," (late hiring) g 1.2
5 10 -
S 100 E 4 p° (late hiring)
] o
2 o s* .S
S 8 ! 3 08 R L.
2 6o} 3 06 Shia
g ol ‘8
= ©
wn 40r ha ) = 0.4
20 4 0.2 L
o N g aan it sy
2 4 6 8 10 12 14 16 18 8 10 12 14 16 18
time (t) time (t)

Figure II1.3: The shadow values of time and money as a function of the hiring times.
The optimal timing results in the largest eventual T and the smallest y. Parameters:
K=1.1,Ih =100,/ =20,00= .9, =.3,0=.95,N = 18,8y = 400,57 = 10,y = 10,
w = 30.

4.3 Comparative Statics

In this section, we examine the comparative statics of the optimal cash threshold 7*.
The next proposition examines how the hiring threshold I* changes with respect to

parameters Sy, ST,w,y, generating insights to the optimal timing of the hiring.
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Proposition II1.3

(i) %i; <0 Yy (expedite hiring),
(i1) %1—; >0 VYw (delay hiring),
(i) 25 >0  VSy (delay hiring),
(iv) g%; >0 ifandonly if St >J—Y%" (delay/expedite hiring),

in which,

(

oK (1—Sy)® (J+) ) if I*<f(I*) <Mg+Sy, g(I*) <M,

(KIaJB —Sy )

Y o (74y)B 2 ]
@2BK (1 —5u) (/) )ﬁ“ i if I'<Mg+Syu < f(I*), g(I*) < Mp,

(BuyTe
* o B_a
%) if I"<Mg+Su<fU), g(I*)>M,
o —a

=
*
(I
S N

else.

The next corollary gives insight to how the hiring threshold changes with respect

to J for a particular case of ST = Sy =0.
Corollary IILS Suppose St = Sy =0. Then, 2 a 7 = > 0ifand only if B < 1.

The human resources literature documents the difficulty of hiﬁng and its related
resource drain to the firm (Tansky and Heneman 2006). Our model takes the hiring-
associated costs as exogenous parameters and prescribes how the entrepreneur can
minimize the hiring-related resource drain and lost growth momentum by controlling

the timing of the hiring.

In particular, the proposition prescribes that if the potential employee demands

higher wages or the upfront cost of hiring increases, hiring should be delayed to con-
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serve the growth momentum by not diverting valuable cash away from revenue gener-
ation activities. On the other hand, if the additional time created due to the help of the
employee increases, hiring should be expedited as the additional time can be used to
fuel growth. However, if the upfront time associated with hiring (e.g. screening, train-
ing) is sufficiently large (small), the proposition prescribes delay (expedite) of hiring

if the upfront time increases further.

The setup time J —x* depicts the threshold where the tradeoff between the need to
preserve the growth momentum and the need to hire before the shadow value of time
becomes too large intersect. If the setup time were sufficiently large (St > J — %),
hiring slows the growth momentum, and thus if the setup time were to increase further,
the momentum would be curbed even more. Thus, the hiring should be delayed. How-
ever, if the setup time were sufficiently small (ST < J —%*), the minor curbing of the
growth momentum is offset by the increase in the growth rate over the remaining time
horizon. Thus, if the setup time were to increase, the effect on the growth momentum
can be offset by hiring earlier to reap the benefit of the accelerated growth for longer

remaining time horizon.

To better understand the nonmonotonicity of the optimal hiring threshold /* with
respect to setup time St, we examine the iso-curves for the set of values of {(Sy,S7)}
and {(y,Sr)} that leads to the same hiring threshold capital 7*. The contours for the
setup costs and variable costs are shown in Figure II1.4. In the figure on the left hand
side, we see that the iso curves are increasing in St initially and starts to decrease after
a threshold point J — %*. In other words, for a constant Sy, the hiring threshold 7*
decreases (expedite hiring) as long as ST < J —* and starts increasing (delay hiring)
for St > J —*. As Sy increases, I* increases, consistent with Proposition TII.3(iii).

In the figure on the right hand side, note that as y increases, the I* decreases (expedite

120



hiring). However, we see that for a constant y, an increase in St initially decreases I*

(expedite hiring), but after S7 = 6, the I* is increasing in St.

Figure IIl.4: Illustration of  iso-curves. In the left figure
(K =1.1,6 = 95,00 = .9, = 3,N = 18,y = 10,w = 30), we illustrate the
contours for setup costs. The north represents higher values of 7*, ie. de-
lay hiring. In the right figure, we illustrate the contours for the variable costs
(K=1.1,6=1,1=3,J =20,aa= .9, = .3,N = 18,85y = 400,w = 10). The south

represents a higher value of 7*, i.e. delay hiring.

The difference in sensitivity of the hiring threshold I* with respect to the setup time
St and setup cost Sy highlights the importance of differentiating the two concepts
for hiring decisions in the entrepreneurial contexts. In particular, setup time is often
converted into setup costs in staffing models. For example, Gans and Zhou (2002)
suggest that the fixed hiring cost “typically includes advertising for, interviewing, and
testing of job applicants when appropriate. It may also include one-time training costs
that are independent of wages.” In our context, if the setup time were treated as setup
cost, then an increase in setup time would always imply that hiring should always be

delayed, which is precisely contrary to the prescription of our model.
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5 Extensions

In this section, we extend our model to illustrate the robustness of our results. First,
we generalize the production function to the constant-elasticity-of-substitution (CES)
production function, of which the Cobb-Douglas production function is a special case
and demonstrate that the results of Theorem III.1 continue to hold. We then extend
our model to incorporate hiring of multiple employees, where the order of the given
employees are predetermined, and identify the moderate conditions under which the
results of Theorem III.2 as well as the comparative statics of the hiring parameters

continue to hold.

5.1 Generalization to CES Production Function

The constant-elasticity-of-substitution (CES) production function (Arrow et al. 1961)

and the resulting profit function is given by the following respective expressions:
R(M,T) =K (pT+(1~p)M*)s,  T(M,T)=K(pT+(1~p)M%)i — M,

where p = %ﬁ’ and r = o+ B.

Following the definitions of Arrow et al. (1961), we will refer to K as the efficiency
parameter, p as the distribution parameter, and g as the substitution parameter. When
r = 1, the revenue function converges to the Leontieff function (perfect complement),
i.e. Kmin{M,T} when g — —oo; to the Cobb-Douglas function (complement) KM*T?
when g — 0; and to a linear function (perfect substitute) when g = 1. It is easily verified
that the revenue R(q) (and thus I1(g)) is increasing in g € (—eo, 1| (as money and time
becomes more substitutable). The following Corollary generalizes the optimal shadow

values {y} and {t;}.
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Corollary II1.6 The expressions for uf and T} can be generalized to CES functions as

follows:

p = (NHI aR(szTk*)>(8H(M;*,7}*)>,

e Mg oM;
- ([ aR(M;:,Tk*)) (amM;*,z*))
S VE ST o)’

The following lemma establishes the sufficient conditions for the concavity of

R(M,T) with respect to M.
Lemma IIL4 R(M,T) is concave in M if

(i) a+p<1, Vg,

(i) a+PB>1, g=0anda <1 (Cobb-Douglas),

(i) a+B>1, g<Oandly> {(B—(lls—oc)> (1;q>}l/q,

(iv) o+B>1, g¢>0andly< {<B—([13—0c)> (1;‘])}1/‘,.

We examine the evolution of shadow values 1 (g) and T} (g) over time as the sub-

stitution parameter g € (—oo, 1] increases and show the robustness of Theorem IIIL1.

Theorem IIL.3 As long as R(M,T) remains concave in M,

* *
T
:ut-:l < i+l
My

T
Thus, the shadow value of time T} becomes greater than the shadow value of money

H; -
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In particular, the shadow value of money remains decreasing as described in The-
orem III.1 but the shadow value of time may not necessarily increase. In fact as the
substitutability between time and money g increases, the dynamic evolution of the
shadow value of time resembles more of that of the shadow value of money. For ex-
ample, when g = 1, the shadow value of time decreases like thatv of money. This is
because the difference between time and money disappears and time behaves as if it
gets stored like money because it can be saved into the next period by being converted
into money. In other words, time can substitute for money, but money cannot substitute

for time.

Nevertheless, when the shadow value of time decreases, it does so slower than the
shadow value of money, thus ultimately becoming greater than that of money. Thus,
the shift in bottleneck from money to time characterized by Theorem III.1 is preserved
for when the returns to scale are decreasing (Lemma II1.4(i)), or under specific condi-

tions on the initial and final wealth (Lemma III.4(iii),(iv)).

5.2 Multiple Hiring

As the entrepreneurial firm continues to grow, the gap between the shadow values be-
tween time and money increases, making it necessary to hire additional employees. In
this section, we examine the robustness of our results to multiple hiring and provide
insights to the entrepreneurs’ multiple hiring decisions when the sequence of employ-
ees are predetermined. To reflect the resource constraints of the entrepreneurial firms,

we restrict the hiring in each period to one employee.

Let y; and wy denote the time gained and the wage expended by hiring the ok

employee. Thus, after hiring the £ employee, the available time increases from J +
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%

):5:} yjtoJ+ Z§=1 yj. Furthermore, let Sy, and Sy¢ denote the hiring setup cost and

setup time respectively of the £ employee.

Following the notations of §4.1, we will denote the optimal cash position in the
ensuing period as a result of optimal time and money investments with ¢ employees
as hy(I) (with hg = f); and that during the hiring period in which you hire the ¢

employee by g¢(I), which are respectively shown next.

ho(l) — KI*(J +¥j1y)P = Ejwj if 1< M,
1+ (KM;?Z(J+):§=1)’J‘)[3 — My, —Zﬁ-zl w;j) otherwise,

oll) = K(I=Sm)*(J + Lj=1y; — S7)° it 1— Sk, < M,
1_S£4+(KM3(J+Z§;%)’J‘ — S4B —M,,) otherwise,

1
¢ T-a -1 Ta
where M), = <6aK(J+ Y yj)3> , Mg, = <8aK(J+ Yy —S§)ﬁ> :
j=1 j=1
Moreover, we assume that each setup cost and setup time for hiring the ¢/" em-

ployee satisfy the Assumption III.2, formally stated next:

Assumption IIL.3
(Sze, Spge) € {(Spe, Sppe) ISpge = KM (J — Spe)P — M, }, Ve € {0,1,...,7}.

The DP formulation of (III.9)-(II1.10) can be extended to multiple hiring by ex-
panding the state H € {0,1} to H € {0,1,2,...,Z}, where £ denote the maximum
number of employees to hire. Again, we point out that a firm with (¢ 4 1) employ-
ees eventually overtakes the firm with ¢ employees as long as the remaining periods
N —t is long enough. In order to focus on the timing decision, as done in §4.2, we will

assume that the remaining period is sufficiently large so that the break-even point is
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reached after hiring the (£ 4+ 1) employee. We have:

Vk(eal) = maX{SVk—l(&hZ(l))a 8Vk—l(£+ lagf—H(I))}a VO(E:I) :Ia Vi< Z:

Vk(E,I) = 6Vk_1(2,h-g—(1)), Vo(z,l)zl.

Analogous to §4.2, for each ¢, V,.(¢,1) is increasing in I for all X (Lemma III.2); and
the expression gy(he(I)) — hes1(ge(I)) is strictly decreasing and continuously differen-
tiable in 7 if Assumption II1.3 holds (Lemma III.3). Thus, the ? independent threshold
capital levels {I; } such that g¢(h¢(I;)) = hg11(g¢(I7)), i.e. for a firm which currently
has available time J + Zf-:l y;j (£ employees) and decides to hire exactly one more

employee (the (¢+ 1) employee), are well defined.

The thresholds I;’s need not be necessarily increasing in £. For example, if Sy, =
St =0, then by Corollary IIL5, we have that I, | < I; V£ whenever 3 > 1 because the
available time with £+ 1 employees is greater than that with £ employees. If 3¢,1; | <
I;, it may be optimal to hire the ¢*" employee before the period it would have been
optimal to hire her if she were the last employee (i.e. hire when I < I}), so as to avoid

further delaying the hiring of the (£ + 1)** employee.

In practice however, the hiring sequence is such that the setup costs {S,,.} and
the variable cost {wy} is increasing in ¢. This is because the task that entrepreneurs
need to delegate evolves from low-skilled to sophisticated. For example, entrepreneurs
typically first hire undergraduates to delegate tasks such as programming or internet
research, then MBA’s to delegate tasks related to marketing or accounting, before
searching for senior level VPs to delegate tasks related to strategic growth. By Propo-
sition IIL.3, if the sequences {S,; } and {w,} were sufficiently increasing, the sequence

of thresholds {/; } would be increasing. Thus, we assume the following:

Assumption IIL.4 The sequence of employee parameters {(Sye,Sre,we,y¢)} is such
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thatIf <Iy <--- <Ij.
We have the following theorem.

Theorem II1.4 Suppose Assumptions 111.3 & 111.4 hold. Then, it is optimal to hire the

¢ employee if and only if I > I;. In other words,

8Vi—1 (£, he(I)) if I1<Ij
Vi—1(£+1,g0(1)) otherwise

Vk(eal) =

The theorem states that if the employee hiring is sequenced such that the indepen-
dent thresholds {/;} are increasing, it is optimal for the entrepreneur to employ the
threshold policy for hiring each employee. In other words, it is optimal to hire the #*
employee without any regards to future hiring decisions. In such case, because each
hiring decision depends only on the thresholds /;’s, the comparative statics derived in

Proposition III.3 hold for each hiring decision.

Examples of optimal hiring for the two cases (when Assumption III.4 does not
hold and when it does) are illustrated in Figure II1.5. There are two employees A
((Sm,ST,y,w) = (200, 15,15,10)) and B ((Sm, St,y,w) = (400,19,5,20)). On the left
hand side, the predetermined sequence of hiring is B — A, which gives the indepen-
dent hiring thresholds of I} = 1442 and I5 = 538. In such case, we see that the first
employee is hired before the cash position is above the independent threshold /] (in
period 6), and the second employee is not hired until period 7 even though the thresh-
old level I5 has been surpassed in period 3. On the right hand side, the predetermined
sequence of hiring is A — B, which gives increasing independent hiring thresholds of
I} =456 and I, = 1953. Thus, we observe that each employee is hired as soon as the

cash position exceeds the respective threshold levels (in period 3 and in period 8).
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Figure IILS: Evolution of cash position under optimal timing of
hiring under two different sequences. Parameters of the firm:

K = 1.1, =300,J = 20,0 = .9, = .3,0 = 99,N = 11. Two employees: A
(Spra = 200,874 = 15,y4 = 15, w4 = 10) and B (Syz = 400,574 =19,y = 5, w4 =20).
The left hand side hires B — A (If = 1442 and 5 = 538); the right hand side hires
A — B (I{ =456 and I = 1953).

6 Concluding Remarks

In this paper, we present an entrepreneurial firm’s production function and examine
how the complementary inputs of time and money interact as the firm grows. We now

summarize our major findings.

First, during the bootstrapping phase, the shadow value of time is increasing whereas
the shadow value of money is decreasing, ultimately making time the key bottleneck
resource. This is driven by the physical difference between time and money as a re-
source, and the structure of the production function. In contrast to money, which can
be reinvested into the firm, time is physically limited each period. Thus, the available

money increases but the available time remains constant during growth, making time
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relatively more scarce than money in subsequent periods. Secondly, because both time
and money are required to generate revenue (complementary resources), the relative
value of time is greater when there is more available money to invest. Thus, the value
of additional time increases as the supply of money increases. We show that this shift
in the bottleneck from money to time is robust to the functional form of the pfoduction

function.

Second, we establish that there is a unique cash level threshold above which it is
optimal to hire. We also establish that under certain sequence of hiring, this thresholds-
based policy remains optimal for multiple hiring decisions. This hiring threshold is
non-monotonic in the hiring setup time due to the tradeoff between the need to pre-
serve the growth momentum and the need to hire before the shadow value of time
becomes large. In particular, if the setup time is above a certain threshold, hiring curbs
the growth momentum and thus if the setup time were to increase further, the model
prescribes delaying the hiring. On the other hand, if the setup time is below the thresh-
old, the minor curbing of the growth momentum is offset by the increased growth over
the remaining time horizon. Thus, if the setup time is small but were to increase, the

model prescribes expediting hiring to accelerate growth and reap the benefits further.

Third, we find that when the entrepreneur hires at the optimal time, the gap between
the shadow values of time and money is ultimately maximized. This is because, as a
result of optimal hiring, more money is accumulated during the growth phase than
hiring in any other period. Consequently, the shadow value of money is the lowest
because there is more money available, and with access to more money, the shadow

price of time becomes in contrast more valuable.

Finally, our model points out the importance of differentiating setup time and setup

cost when making hiring decisions. Although staffing models for large firms often ag-
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gregate the setup time into setup cost because dedicated human resources department
exist and the time can be easily converted into their hourly wages, there exists a fun-

damental difference between hiring setup time and cost in an entrepreneurial context.

This paper does ignore some important factors relevant to hiring in the entrepreneurial
context. For instance, the employees and their parameters are assumed to be exoge-
nous, whereas they could be endogenously determined by the amount of setup time or
setup cost the entrepreneur invests. Treating the investment of setup time and setup
costs as decision variables in this regards can be an interesting extension. Moreover
the time gained by hiring an employee is assumed to be known and independent of the
existence of other employees. It would be worthwhile to incorporate uncertainty into
the employee’s contribution or model the turnover rate of employees and examine how
it affects the entrepreneur’s hiring decision. Furthermore, it would be valuable to gain
insights into the optimal hiring sequence of the employees, and how it is influenced
by the fit between employees. Generalization of some of our results to address such

issues, although challenging, would be worthwhile.
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Appendix

Proof of Proposition III.1 We first construct the optimal primal solution (M;,T;*).
Because the constraints on the money (III.3) is increasing in the profit IT;, it is optimal

to invest (M, T;) that will maximize the single period profit I, (M;,T;). Since

P 9 o BSKM*
LM T = {SKMT M,} = >0, VI, and
) OLSKTB

—I(M,,]) = aMt{SKM“JB M} = e

t

>0 & M <M
oM, t<Mf

e
we have M* = min{/;, M}, and T* = J, where My = (60:KJB> e

The constraint gradient at the vector {(M;,7;*)} is linearly independent — and
hence regular — because for each constraint (III.3) and (II1.4), the new variable M,
and 7; are introduced. Therefore, a unique Lagrange multiplier vector exists (Proposi-
tion 3.3.1, Bertsekas 1999), where the gradient of the Lagrangian is zero. Mofeover, at
this point, the complementary slackness holds because 7;* =J V¢, T, > 0 V¢, and iy >0
ifM; =1 <Myand y, =0if M, =My > I,.

We find the expressions for the Lagrange multipliers {x,T; }. For simplicity, we

will ignore the superscript *. From (II1.2)—(IIL.5), we have the following Lagrangian:

Ni 8 {okMPTS — M, }

+):,pt(< >Io+2( ) k{SKM,?TkB—Mk}—M,) +1§’c,(J—T,).

We will proceed in three steps: (i) derive the expression for T;, (ii) derive the expression

for u, then (iii) derive the expression for the coefficient that appears in both 1, and y;.
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1) First, taking the derivative of L with respect to 7;, we have,

oL B B N 1\~ B B |

k=t+1

N k—t
= T = (8’—1+ ) (%) pk) (%KM?‘]}B) (IIL.11)
t

k=t+1

i1) Next, taking the derivative of L with respect to M; we have,

oL oKMOTP N\ ¢ oaKMOTP
— &l t7r _#_+_< (_) ,Uk) <—t’_1 =0
oM, ( M, ) ! kzzt;q 3 M,
N k—t o8
== (5 B (5) ) () i)
t

k=t+1
iii) Finally, we show the following equality:

N k—t N xya T\ B
(5,_,+ 5 (%) yk> s ] (“K(M;j;(m )

k=t+1 k=t+1

We do so by induction. This true for t = N because

7 —1 Al 1 ket N—1
¥+ ) 5) M = &L . (IIL13)
k

=t+1 =N

Now suppose,

Then, we have

N 1 k—t
St—l-l- Z <_S) i

k=t+1
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where the second equality is due to equation (III.12) and second to last equality is due
to equation (IIL.13). [ ]

Proof of Lemma IIL.1 Before /; <My = (SOLKJ B) * the optimal decision is to put

all the earned revenue back into the business. First, we have that

o K aB o K o B .
11_(1_+r01), and 1,_(1+r1,_,1 Vt=0,...,N.

Elaborating, we have,

K 140+ +olN-1 N
((1+ >J'3) I <My
p
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1=aV L
o ((5)7) "< (o(5)7)
14+r 1+

& (1—a)oVlogl+(1—aM)log (

Proof of Corollary III.1 Because the objective function (III.2) and the constraints
(I11.3), (I11.4) are continuously differentiable in {(M;,T;)}, the Hessian of Lagrangian
(restricted to the vector space orthogonal to the constraint gradients at {(M;,7;*)})
evaluated at {(M;,T;*,u;,7})} is positive semidefinite (Proposition 3.3.1, Bertsekas
1999). Furthermore, since this Hessian has linearly independent column vectors span-
ning this restricted vector space (i.e. full rank), all the associated eigenvalues are
strictly positive and hence the Hessian is strictly positive definite. MoreO\;er, since
strict complementary slackness holds (see Proof of Proposition III.1), the sensitivity

result follows (Proposition 3.3.3, Bertsekas 1999). [ |

Proof of Theorem IIL1 For simplicity of notations, we omit the superscript *.

i) We have,
a—1-,B
. (akme'rh, - 1)
Hitl 5. : ol <d<1, Vi
H (oM Th,)  (akme'TP - 1)
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This inequality holds since,

oIl

a—Mi —okM*'IP—1>0 & akM*'TP>1,
e

where strict inequality holds if I; < My = (80LKJ'3> % since M} = I, and equality

holds if I, > My since M; = My. Furthermore, since I, is strictly concave increasing

for M, < My, I1 (M) >TT'(M2) > 0 for My < My and M, > M,. If I, > M, TT'(M) =

0 and the inequality becomes equality.

1i) For the ratios of T’s, we have

5 (BKMM,&I)

T+l Tt _ 1 M, 11
T “KMzaHE&l BKMraTrB O(K]MIO‘JB’
M4y T;
M, 41

given that 711 = J. For all t < N* — 1 such that ;1 < My, 1, and we have

KMo~

T4l

ol = 1> 1, ie. the sequence {7} is exponentially increasing in .

M 8A/If
KMB " KM$JP

For t > N* such that My < I;, we have = 8. Thus, we have

wi = LGa) =8<1.

iii) For t < N* — 1, since {7, } is increasing in ¢, it is clear that T, —  is increasing.

Moreover, for all r > N*, u; = 0 and T, > 0, and thus T, > y;. [ |

Proof of Corollary IIL.2 Note that

oI1 oIl
m>7 < 51‘—4 > ﬁ
Elaborating the expression, we have
oIl o oIl B a B
—| =ZkP-1>—| =Kkt o KPP{Z-Z)>1.
oMiny 5! oT Iy~ J ! \n v

We have our expression after simple algebra. Since by Theorem III. 1, there is a unique
crossing point between the sequences {1} } and {y; }, if this condition holds, i.e. T} >

My, then T} > uf Vit [ |
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Proof of Corollary III.3 Same structure as the proof of Proposition III.1 with changes
to constraints (III.3) and (III.4) during and after the hiring period. _ [
Proof of Lemma IIL2. We prove by induction. It is clear that at t = 0, Vp(1,1) =1
is increasing in 1. Now suppose that V;_;(1,1) is increasing in I, i.e., V;—1(1,1}) >
V,_1(1,h), VI; > L. This is equivalent to V,(1,h~1(L})) > V,(1,h"1(L;)). Because
h(I) is strictly increasing in I and positive, A~ !(I) is also strictly increasing in / and
spans all positive real numbers. ‘ |

Proof of Lemma ITL.3 We have

g(I) — min{M, + Sy, I} <Tl, = Mr<r}ai>§M{KM°‘(J —Sr)P M-Sy} <0

where the first inequality is by definition and the second inequality is due to Assump-

tion IIL.2. Thus, g(I) < min{Mg + Sp,I} < 1. Taking the derivative of g(f(/)) —

h(g(I)) with respect to I, we have

(e(f(D) —n(gD)) = &FW)-f'1)—H(g) &)
< g(f() K1) —H(g(1)g' (1)

gD (1) —H (g(1))g' (1)

= g(OH ) -H(g(I))

< 0

IN

where the first strict inequality is because f’ < A’ because y > 0, the second inequality
is because f(I) > I because of Assumption III.1, and the final inequality is because
g) <L u
Proof of Theorem IIL2. By Lemma IIL.2, V,(1,g(f(1))) > Vi(1,h(g(1))), if and only
if g(f()) > h(g(I)). Because all the previous periods prior to and subsequent to hiring

have identical functional forms, we use the interchange argument (§4.5, Bertsekas
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2000). Since g(f(I)) > h(g(I)) =0 for I = Sy, g(f(I)) —h(g(l)) =Ty —II, < 0 for
large I, and because g(f(I)) — h(g(I)) is decreasing in / by Lemma IIL3, there exists
a unique /* for which it is optimal to hire if g(f (1)) < h(g(I)). |

Proof of Corollary I11.4.
(i) By Theorem II1.2, g(I) = f(I) implies that it is optimal to hire when f(f(I)) <
h(f(I)) or f(I) < h(I).
(ii) Since g(f(I)) — h(g(I)) is decreasing in I, by definition of I*,
g(f(My))—h(g(Mys)) < 0if and only if I < Mjy.

|

Proof of Proposition IIL.2 We let T and 1 denote the shadow values of time and
money respectively in period ¢ if you hire in period s, and let s* denote the optimal

hiring period. We will omit * for notational simplicity.

First, we show that for all s # s*, i < i V¢t > max{s,s*}. Note that Vk >
max{s*,s}, the available cash I; (and hence the money investment M) when hired in

the optimal period s* is no smaller than when hired in period s # s*. Because R(M,J)

b RMLT) _ oKMOTP

is concave increasing in M wit M, 7, k. > 1, the expression
wim T (CKODA@P (oK) TP
t *
k=t+1 Mlt M,

is minimized V¢ > max{s,s*} when hired in s*.

Next we show that for all s # s*, T > T V¢ > max{s*,s}. Note that V¢ > max{s,s*},
T = (J+y). Moreover, let n° denote the largest period k in which My < M), =
(dau(J + y))i—l_a, i.e. the final bootstrapping period, when hired in period s. ‘Because
M,’s are the greatest Yk > max{s*,s} when hired in the optimal period s*, n°" < 1°.

We will consider the two exhaustive cases separately: (i) when 1*" =1, and (ii) when

7 <7

137



(i) Vt > max{s,s*}, we have

o (BRM)Xm)P\ T (okMPTP N
¢ = () () 1

k=t+1 k=ns"+1

_ (BKM,“(J+y)B) (ocKMf_‘H(J-py)B)m KM, (] +3)P

J+y Mt+l Mns*

o B
BKMX(J +y)P o KM (T +)
J+y M;
Bans* _t KM%LS* (J+ y)B

- )

J+y

where the cancelations in the third equality occurs because it is optimal to bootstrap,
ie. Mo = KM, (J+y)P. I n® =17, then M+ is greatest when hired in the optimal
period, and hence the result holds.
(ii) Now let )*" < m°. Then, we have

. Ba KM (J+3)P

oM T KM (T +y)P
L J+y '

J+y

, and

Thus, we will determine whether or not the following holds:

5™ " M o o M e o *
AN, g >1 & 1 > o
Tf M‘nS M-rl-\‘

We will use the following two properties: (a) M}, > max{Mns* ,Mns} and (b)

min{M2 M%‘ .} > oM. The first condition is clear by the definition of °. The second

e Py
condition is true because
1
M K(J+y)P) =
KME(T+y)P>M, « M%> h _ (oKU+y))Te
K(J+y)B K(J+y)P

= are(K(J+y)P)re
= aurs(K(J+y)P)s

= oMy.
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Thus, we have

Ts * s M ¥ o * s aMa o .
4o —g 0 > M 0{' =———)>1, sincea<]l.
MTIS Mh a‘ns—ns

Proof of Proposition III.3 Using the implicit function theorem, we examine the sen-
sitivity of I* with respect to the parameters (Sp,St,y,w). Denoting A(I) = g(f(I)) —
h(g(I)), we have,

i__@_ ol _ _9¢ QL__a_y ai__?ﬁ (IIL.14)
T oA T 9A - T oA :
oSy & oSt @ dy & ow L
Because % < 0 VI (Lemma III.3), the expressions (III.14) reduces to:
or* 0A or* 0A
— >0 — 0, ——>0 ¢« 0>
s T sy asr o T s
or* 0A or* oA
— >0 —>0, =— >0 —>0.
dy dy w dc
Note that %— > 0 means it is optimal to delay the hiring until /; reaches a higher

amount. Moreover, we introduce the following notations to simplify the proofs:
Iy = KM3P — My, Tig(Su,St) = KMZ(J - Sr)P — My —Su,
I, (y,w) = KM3(J +y)P — M}, — w.

We focus on the first case (i). The cases (ii) and (iii) follow the same logic. We
will consider three exhaustive cases (Assumption IIL1): (a) Mg+ Sy < I < f(I), (a)
I <Mg+Su < f(I),(©)I< f(I) < Mg+ Spy. For all three cases, we will first evaluate
ggﬁg(f(l)), evaluate %h(g(l)), and show that %M{g(f(l)) —h(g())} >0.

() First, g(f (1)) = f(I) +X1g(Sp, St) if £(I) > Mg+Sy. Thus, we have 52-g(f (1)) =
~1.
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If I > M, + Sy and g(I) < My, h(g(I)) = K(I+Tg(St,Sm))*(J +y)P —w}, and
hence 32-h(g()) = 0K (I + (ST, 5m))* " (J +)P x (—1). Otherwise, if I > M, +
Su and g(I) > My, h(g(1)) = I+ (ST, Sm) + Ta(y, w), and hence 33-h(g(I)) = 0+
(-1)+0=—1.

Since oK (I + Ty (S, Sm))* 1 (J +y)B = LKx*(J +y)P T (5rs) 2 1, we have
that 52-{g(f (1)) — h(g(1))} > 0.

(b) First, g(f (1)) = £ () + Tg(Sna, S1) if f(I) > Mg+ Sy Thus, we have 32-¢(f (1)) =
~1.

If I < My +Spand g(1) < My, h(g(I)) = K(g(I))*(J +y)B —w, and hence %Mh(g(l)) =
oK (g(1)* 1 (J +y)B x {—aK(I —Sp)*1(J — S7)P}. Otherwise, if I < M, + Sy and
g(l) > My, h(g(1)) = K(I - Sy)*(J — S1)P + T (y,w), and z3-h(g(1)) = {—0K (I —
Su)*'(J = S1)P}.

Because 0K (I —Sy)* 1 (J—S7)B = %g(x)

>1 & —oK{I—Sy)*'(J-

X=1—SM

$7)° < —1, and aK(g()*~ (+3)P = Fh(x)| _ > 1, we have g {2(f(1) -
h(g(I))} = 0.

(c) First, if £ (1) < Mg+Su, 8(f (1)) = K(f(I) = Sm)*(J — S1)P, and thus, 38-g(f (1)) =
—aK (f (1) — Sp)*~1(J — Sr)P.

If I < Mg + Sy and g(I) < M, h(g(I)) = K(g(1))™(J +y)P —w, and 52-Fi(g(l)) =
oK (g(1))*1(J +y)P x {—aK (I —Sy)* 1 (J — Sr)P}. On the other hand, if I < M, +
Su and g(I) > My, h(g(l)) = K(I — Su)*(J — S7)P + TI4(y,w), and 5&-h(g(l)) =
—aK (I —Sp)* ' (J - Sr)B.

Since (1) > 1, Z.¢() o= ) -S 2o(x) _y and hence —0K (f(I) —Sp)*1(J —
Bp_ _29 4 — _ _ oa—l7y__ B _
St) ag(x)‘mf(l)—sM > ag(x)1x=1_SM oK (I —Sp)* " (J —ST)P. More
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over, since 0K (g(1))*1(J +y)P = Lh(x) 0 > 1, —oK(f(I)—Sy)* ' (J~S7)F >
x=g

—aK (1= Su)*~" (J = S1)P x {aK (g(1))*~" (7 +y)P}. Thus, 33-{g(f (1)) —h(g(1))} >
0.

Now we focus on case (iv). We will prove for the case when I* < f(I*) < Mg+ Sy

and g(I*) < Mj,. The remaining scenarios follow the same logic.

8 U0) = 5o K(KIP —53)0 - 5r)P)
— —BK(KlaJﬁ—SM)a(J—ST)B_Iz(_J_BST>g(f(1)), |
A1) = 5o {KUU=S50)"0 ~ 5000 +3)P )

= K(+y)P (KT —Su)*( —Sr)P)*" - —BK(I - Sp)*(J ~ S7)P~!

_ <_ B )aK(K(z—SM)“(J—ST)B)“(JH)‘*.

J—Sr

{61~ h(s(1)} > 0

& (J_BST> {aK (K (1= $u)*( — S)P)*( + )P}

- <J_BST> {K(KMB —SM)“(J—ST)B} >0

& oK(KI —Sy)*(J = Sr)P)Y*J +y)P > K(KI*JPE — $3)*(J — Sp)P

0K (I — Sp)* (J +y)P
(KI%JB — Sp)™

|
e Sr>J-— aK*(I = S5))* (I +)P )
(KIOJB — Spp) '

> (J—Sr)Pi-o)

Proof of Corollary II1.5 By Corollary IIL.4(i), I* is such that hy(I*) = hyy ;1 (I*), i.e.
4 +1 £+1

l
KU+ Y y)P =Y wj=KI*U+ Y. y,)P = ¥ w;.
J=1 j=1 j=1 j=1
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+1 :
Let Y(I,J)= KI“{(J—!— Z}’;)B J+ Zy )B} —wyp1 =0.
j= Jj=1

Applying the implicit function theorem, we have that

I N/ BKIMU+TE )P~ + T )P
o~ YU/ T ok{(J+Ly)P—(J+ L y)P}o

—BI 1 1 }
a{(1+zﬁ+1y,)ﬁ—(J+z:§-:,y,-)ﬁ} V+EZNIP U+Eia) )
Thus, we have > 0 if and only if B < 1. |

Proof of Lemma II1.4.
RM,]) = K(pJi+(1—p)M2)/e
R(MJ) = K (5) (P9 + (1 - p)MY74" x g(1 - p)me~!
R'(MJ) = K (;1) (P + (1 — p)MY79" x gl = 1)(1 — p)M-2

+q(1-p)M? 'K (5 - 1) (g) (pJa+(1 —p)Mq)r/q¥1
xq(1—p)ma~!

= & () (e (- pey g1 - pyae?

)

The first term is positive since the g’s cancel, and thus we have the expression is con-
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cave in M if and only if

1 — p)M4
q—l+(£——l>q (1=p) <0

pJi+(1—p)M4

(1—p)M9
< (a+B_q)(pJ‘1+(lp—p)M")<1_q

(1—p)M4 (1—p)M? -
< (a+B)(qu (1—p)M‘1)<1_q+q(ﬁfq+(1—P)M")
oMa pJa
& (0t+l3)(m)<l_q(m>

& (o+B)om? <BJI+oMT —gBJ?
& (0+B—1)aM? < (1-q)BJ

q
o ) <

Clearly, (i) if a+ B < 1, then R(M,J) is always concave in M because the left hand
side is negative. Also (ii) if ¢ = 0 (Cobb Douglas), we have R(M,J) is concave in M
if o0 < 1 because

(a+B-1) (%) = (E:%)a<a< 1.

(iii) If g < 0 and oo+ B > 1, the left hand side of the inequality is decreasing in M, and

: 1/q

thus the inequality holds and the R(M,J) is concave for all M if AT” > (%) .
a+B-1)( §
B

Finally, (iv) if g € (0, 1], the left hand side is increasing in M and thus the R(M,/J) is

1/q
concave in M for % < _U=q) _ . [ ]
(a+ﬁ—l)(%)

Proof of Corollary IIL.6. In the proof of Proposition 1, replace the expression

«\o(T*\B x *\o(T*\B * ok *\0oLT*\B
aK(MA}* (TP _ 1 with an%iT ). BK(MT}* TP with arl(g/;*,T ) and aK(MA}* (TP ith
% and the results follow. This is true as long as the structure of II(M,T) =

R(M,T)— M remains. [ |
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Proof of Theorem IIL.3. From the expression of Corollary II1.6, we have that
aH(M,* 11 T )> (aH(Mt*H’ t+1)>
M1 _ 8 ( M| Tl _ 8 IT%
u aR(M},w *1,7,11) (an%{irg)) T OR(M a%fi ,l 7h) (an(ng,;,T*))

t+1

Because I1(M,J) is concave in M, and M, ; > M}, and because g—&*—‘ > 1, we have

(an(M:+l’7;:-l))
—8— <1 Mt+1 <1
IR( M TR - (al'I(M*,T*) =
", W7
Note that
oIl I50) L1
(FR) KM+ (1= P g1 pa
(angM;T,z) K (pM+ (1 - p)Ja)i~! q(1—p)Ja!

T

PM+1 +(1—p)Je -
pM{ + (1 — p)Je

One can easily check that if ¢ < 0 or if ¢ > 0,r > g, the expression is greater than
1, hence satisfying (an(ag"m‘)) / (an%iz;*)) <1< (811(11;%1,7,11)) / (an(g%m)’

+1 t+1

satisfying the proposition. Finally, for ¢ > 0,7 < g < 1, we can elaborate out the

expressions for comparison:

TI(M], T

(Foed) ok (put,, +(1- phi9)

1\ (a0-p)!
-t \q(1=p)~t )

MMy, T) . )

( ’{471+1 ) éK(thqH"'(l_p)Jq)" f-1 qutqu
(BUETD) sk (pMf+(1-p))i '~ 1 ‘

t

Comparing the second fractions inside the parenthesis for the respective expressions,

t+1

(ZOr)) LK (pMf + (1= p)J9)

T

we see that the top one is equal to 1 whereas the bottom one is less than 1. Similarly,
comparing the first fractions inside the parenthesis for the respective expressions, we
see that the bottom expression is smaller than the top expression because both numera-

tor and denominator of bottom expression is greater than 0 and the fraction is less than
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1, and adding 1 to both the numerator and the denominator of the bottom expression

result in the top expression. Hence, the u* has a smaller half-life than t*. [ |

The following Lemma is necessary for the proof of Theorem III.4.

Lemma IILS Let s7' denote the optimal period to hire the 0" employee, when hiring

a total of m employees. Then, s{ = s%.

Proof of Lemma IIL5. We prove by contradiction. We will first show that (i) 53 > s
is a contradiction, then show that (ii) s? < s} is a contradiction. ‘

(1) Suppose that s% < s%. Then, the capital available before hiring the second employee
in period s3 can be improved by setting s? = s}. With increase in the available capital,
the objective can be maximized, contradicting that s% is the optimal period to hire the
first employee. |

(i1) Suppose that s{ > s%. There are two potential cases: (a) when the first employee
and the second employee are hired back to back periods (i.e. --- — hg — g1 — g2 —

hy — --+), and (b) when they are not hired back to back.

(a) We have

ho — hg — g1 — hy — h; optimal for m=1,

ho — g1 — g2 — h — hy optimal for m =2.

By the case of m =1, ho(ho(1)) > I > ho(I), and by the case of m =2, g1 (ho(I)) > I3.
However, because by Assumption IIL3, IT; <0, i.e. g1(I) < 1. Thus, we have

If > ho(I) > g1(ho(I)) > I > I}, which is a contradiction.
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(b) We have

ho — hg — g1 — hy — h; optimal for m =1,

ho — g1 — hy — g2 — hy optimal for m = 2.

The capital available in period s% when hiring the second employee can be improved

by delaying the hiring of the first employee, because h1(g1(ho)) < gi(ho(ho(I))). W

Proof of Theorem II1.4 The same argument used for proving Lemma IIL.5 can be used
to show that s3 = s2, s} = s3, etc. Then, once the optimal timing of the first employee
is found, we can start in period 57 and set m — 1 as the new m, and repeat the proof of

Lemma IIL.5. We have our result by extending to all m. , |
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